POLYNOMIAL ERGODICITY AND ASYMPTOTIC BEHAVIOUR OF 
UNBOUNDED SOLUTIONS OF ABSTRACT EVOLUTION EQUATIONS 



BOLIS BASIT AND A. J. PRYDE 

Abstract. In this paper we develop the notion of ergodicity to include functions domi- 
nated by a weight w. Such functions have polynomial means and include, amongst many 
others, the w-almost periodic functions. This enables us to describe the asymptotic be- 
haviour of unbounded solutions of linear evolution, recurrence and convolution equations. 
To unify the treatment and allow for further applications, we consider solutions tj> : G — > X 
of generalized evolution equations of the form (*) (B<f>)(t) — A(j>(t) +ijj(t) for t 6 G where 
G is a locally compact abelian group with a closed subsemigroup J, A is a closed linear 
operator on a Banach space X, ip : G — > X is continuous and B is a linear operator with 
characteristic function 9b ■ G — > C. We introduce the resonance set 9g (a(A)) which 
contains the Beurling spectra of all solutions of the homogeneous equation B(j> = A o cj>. 
For certain classes T of functions from J to X, the spectrum spjr((f>) of <j> relative to T is 
used to determine membership of T . Our main result gives general conditions under which 
spjr(4>) is a subset of the resonance set. As a simple consequence we obtain conditions un- 
der which ifj\j G T implies <f>\j G T. An important tool is our generalization to unbounded 
functions of a theorem of Loomis. As applications we obtain generalizations or new proofs 
of many known results, including theorems of Gelfand, Hille, Katznelson-Tzafriri, Esterle 
et al., Phong, Ruess and Arendt-Batty. 

1991 Mathematics subject classification: primary 46J20, 43A60; secondary 47A35, 34K25, 
^ ■ 28B05. 
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1. Introduction 

In this paper we develop techniques to describe the asymptotic behaviour of unbounded 
solutions of linear evolution, recurrence and convolution equations. Our initial motivation 
was the study of resonance phenomena for solutions of equations of the form <j)'(t) = A<j){t)-\- 
ip(t) where A is the generator of a Co-semigroup on a Banach space X. Many authors pQ, 
0, ©, [2Q], [31], [9], n US], [12], EE], [22], [20], [21], [26], [43, pp. 92-96], [56], 
|54j have studied the bounded uniformly continuous solutions of such equations. However, 
for unbounded solutions [2], PS], [22], [50] much less is known. In p], p], P] 

unbounded solutions with bounded n-th mean are investigated. Here we obtain results for 
more general operators A and with <f>' replaced by B(f> = Xlj=o bjcj)^ . 

An important tool in the bounded case is a theorem of Loomis |44] and its subsequent 
extensions [9], |19j . [43, p. 92]. We prove a generalization for unbounded functions (Corol- 
lary 6.8). To do this we introduce ^-bounded ergodic functions (section 4) and w-bounded 
almost periodic functions (section 5) for certain weights w. In particular, we have found 
a connection between the spectral synthesis of functions with respect to closed subsets A 
of characters and u>-ergodicity (Corollary 6.13). Such a connection does not appear to be 
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well-known even for the bounded case w = 1 (see [15, Theorem 5.5]). However, it allows 
us to reduce results relating spectral synthesis and asymptotic stability of Co-semigroups 
to the generalized Loomis theorem. Moreover, we obtain general conditions under which 
solutions of the equation B(f> = A o <p + ip are w-almost periodic. 

Secondly, we wished to explore parallels between the problems mentioned above and 
convolution equations of the form k * <ft = A o (f> + ifi on R d or Z d . Using the generalized 
Loomis theorem, we give conditions under which unbounded solutions are u>-almost periodic. 

Thirdly, we sought to generalize results of Gelfand and Katznelson-Tzafriri concerning 
power-bounded operators (see [3D], [2], [39]). This is achieved for elements of unital Banach 
algebras whose powers are w-bounded. For example we show that if cr(x) = {1} and 
||x n || < cw(n), where w has polynomial growth of order N, then (x — e) N+1 = 0. This is 
shown to be a special case of our results on unbounded solutions of recurrence equations of 
the form B<p = A o <j) + ip on Z, where (B(j))(n) = Y^jLo ^i^( n + n j)- 

To unify the treatment of these various problems and allow for further applications, we 
consider unbounded solutions <p : G — > X of general evolution equations of the form 



Here and throughout this paper G denotes a locally compact abelian topological group 
with a fixed Haar measure \i and dual G; J is a closed subsemigroup of G with non-empty 
interior such that G = J — J; and X is a complex Banach space. Moreover, A is a closed 
linear operator on X, B is a linear operator with characteristic function 9b ■ G — > C, and 
J 7 is a translation invariant class of lu-bounded continuous functions from J to X. The 
asymptotic behaviour of a solution <p of (*) is described by properties of the form: ip\j G T 
implies <j>\j G T . A set of characters spjr(4>), the spectrum of (f> relative to J 7 , is used to 
determine membership of J- . Indeed, under certain conditions, spjr(4>) = if and only 
if <fi\j G T . Of course it is also of interest to study solutions of equations of the form 
B(f> = Ao(p-\-ipona semigroup J. In many applications this is achieved by extending 
solutions on J to solutions on G. See for example Corollary 12.6 and Theorem 11.1. 

Our main theorem gives general conditions under which tp\j G T implies spjr(<p) C 
^ 1 (<r(yl)). Simple conditions on the spectra then imply that 4>\ j G T . This theorem is used, 
sometimes in conjunction with the generalized Loomis theorem, in each of the applications 
mentioned above. We refer to 6'^ 1 (a(A)) as the characteristic or resonance set of (*). It 
contains the Beurling spectra of all solutions on G of the homogeneous equation B(j) = Ao<j>. 

Though other authors use different characterizations of ergodicity for bounded functions 
(see [9J, [32], [53], [5]), we use that of Maak [36j, [37] (see also [29], [36], [37], [25], [16]) 
because of its simplicity and wide applicability. A unbounded continuous function (j) : J — > 
X is called w-ergodic with mean p if (eft — p)/w is bounded and ergodic with mean in the 
sense of Maak for some polynomial p. Many properties and applications of ergodic functions 
are also valid for w-ergodic ones. A study of polynomials p : G — > X was commenced in 
|15| and is continued here. In particular, for certain w, polynomials are the w-bounded 
functions with Beurling spectrum {1}. Functions with finite Beurling spectra are sums of 





POLYNOMIAL ERGODICITY AND ASYMPTOTIC BEHAVIOUR OF UNBOUNDED SOLUTIONS 3 



products of characters and polynomials. As a consequence we obtain a characterization of 
the minimal primary ideals in the associated Beurling algebras. In turn, this is used to 
characterize functions for which spjr(4>) is a singleton. Thence we prove the generalized 
Loomis theorem. In particular, w-uniformly continuous totally w-ergodic functions with 
residual Beurling spectra are w-almost periodic. 

Some of the notation we use is as follows. 

The translate (f>h and difference by h G J of a function : J — ?■ A are given by 
cj)h(t) = 4>{t + h) and A h (j) = 4> h - 0. 
R = (-oo,0], R+ = [0,oo). 

For J G {R + ,R}, we define the indefinite integral or primitive P(f> of a function <p G 
L} oc (J,X) by P<t>(t) = J*cf>( S )ds. 

Similarly, for J G {Z + ,Z} and (j) G X J ■> we define the sum function S<f> by S<f){t) = 

Et=o ^(fc), ^(-*) = - EiS-* <K*0 if * > 1 and s<t>(p) = °- 

Iterated primitives and and iterated sums are defined by P m cj) = P(P m ~ 1 (j)) and S m (f) = 
5(5 m -V), m G N. 

Weights are functions w : G — > R always assumed to satisfy the following three conditions: 

(1.1) w is continuous, w(t) > 1 and w(s + 1) < w(s)w(t) for all s,t G G; 

(1.2) io(-i) = w(i) for every t G G; 

(1.3) E5S=i "~z log u)(ni) < 00 for every t € G. 

The symmetry condition (1.2) is only used to simplify the exposition. Condition (1.3) is 
the Beurling-Domar condition (see [27], [52, p. 132]). In the case that w is bounded we will 
assume w = 1, as this will cause no loss of generality. 

A function : J — » A is called w-bounded if (f>/w is bounded. The spaces B W (J,X), 
BC W (J, A) of all w-bounded and continuous w-bounded functions : J — ?■ A respectively 
are Banach spaces with norm ||0|| = sup ^ / . For this space and others, when u; = 1 
we will omit the subscript w. 

Following [52, p. 142] , we say that a function (f> : J — > X is w- uniformly continuous if 
|| A/i0[| w — )• as /i — > in J. The space of all w-uniformly continuous functions is denoted 
UC W (J, A) and the closed subspace of BC W (J, A) consisting of all w-uniformly continuous 
functions is denoted BUC W (J, A). Of course if J is discrete BUC W (J, A) = BC W (J, A) = 
B W (J,X). We use also the notation C Wi q(J,X) = {w£, : £ G Co (J, A)}, 
clearly a closed subspace of BUC W (J, A). 

The space L^{G, A) consists of the strongly Haar-measurable functions / : G — >• A for 
which Il/H^ 1 = J G ||/(0II w(t)dfj,(t) < 00 and the space L™(G, A) of the strongly Haar- 
measurable functions : G — > X for which ||0|| m ^ = esssup ^77^ < 00. 

teG ( ' 

The space L\{G) = L^G, C) is a Beurling algebra (see [27], [52, p. 83]). By (1.1) it is a 
subalgebra of the convolution algebra L^(G) and a Banach algebra under the norm ||.[| -, 
(see [52, p. 14] ). By (1.3), it is a Weiner algebra (see [52, p. 132]). Its Banach space dual is 
L~(G) = L~(G,C). 
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The Banach space dual of X will be denoted X* , the space of bounded linear operators 
T : X — > X by L(X), the spectrum of a closed operator T on X by o~(T), its resolvent set 
by p(T), the spectrum of an element x of a unital Banach algebra by cr(x) and its resolvent 
set by p(x). 

We use additive notation for G and multiplicative for the dual group G. The Fourier 
transform of a function / G L X (G, X) is then given by 7(7) = J G ^(—t)f(t)dp(t), where 
7 G G. For G BC W (G,X) and / G L^G), or more generally G BC W (G, L(X)) and 
/ G L^,(G,AT), the convolution 4> * f(t) = f G <fi(t — s)f(s)dfi(s) is well-defined. Moreover, 
<f>*feBUC w (G,X). 



The structure of this paper is as follows. Examples and properties of weights are given 
in section 2. In section 3 we develop the theory of polynomials on groups. This is used 
in section 4 to study the spaces E W (J,X) of u>-ergodic functions. In particular we obtain 
conditions on a subspace J- of BC W (J,X) under which a w -ergodic function belongs to T 
whenever its differences belong to T . The space AP W (G, X) of toalmost periodic functions 
is studied in section 5. We develop the tools of spectral analysis for unbounded functions 
in section 6. 

The remainder of the paper deals with applications of the main theorem. Firstly, in 
section 7 we study derivatives, indefinite integrals and sums of functions on R and Z. In 
section 8 we prove our main result on general evolution equations. Section 9 deals with 
the equation B<p = A o <j) + tp for differential operators B. In particular we give conditions 
under which ip G AP W (R, X) implies 4> G AP W (R, X) thereby generalizing recent results of 
Arendt and Batty. Similar results are obtained in section 10 for convolution equations on 
R rf or Zi d . In section 11 we obtain asymptotic stability for Co-semigroups {T(t) : t > 0} 
of operators on X. In particular we give conditions under which ||T(t)|| < a(t)w(t) implies 
lim ^^fJ! = for all x G X. As in Phong 1501 , the function a may have exponential 
growth. Finally, in section 12 we apply our results to recurrence equations on Z. 



2. Weights 

Here we give some examples and make some general comments about weights. Unless 
otherwise stated, in addition to conditions (1.1) - (1.3) we will also assume our 
weights satisfy the following: 



(2.1) ii)=lorie C (G); 

(2.2) ^eCo(G) for every h G G; 

(2.3) sup |A ^ }I -»• as h -> in G. 

Occasionally we will also assume the existence of iV G Z+, the non- negative integers, 
such that 

(2.4) lim — ~r~7w+r = for all t G G ; and 

(2.5) inf > for some t G G. 
mez M 
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We will say that a weight uu has polynomial growth of order N G Z + if it satisfies (2.4), 
(2.5). The Beurling-Domar condition (1.3) follows from (2.4). Condition (2.1) is used 
in Proposition 5.4 and Lemma 8.8; (2.2) is used in Lemmas 4.4, 4.7, 4.11, Theorem 4.12 
and elsewhere; (2.3) is equivalent tow 6 BUC W (G,C); (2.4) and (2.5) are needed for the 
spectral analysis in section 6. 

Example 2.1. 

(a) The function u)jv(i) = (1 + 1^1)^, where N G N, is a weight on R rf or Z d with 
polynomial growth of order N. 

(b) If a : G — > C is a continuous additive function with limsup^^ \ a(t)\ = oo , then 
w(t) = 1 + \a(t)\ is a weight with polynomial growth of order 1. 

(c) The function a{t\,t2) = t\ is a continuous additive function on R 2 or Z 2 but 
limsup^^oo \a(ti, £2)! = \ti\ 7^ 00. Note wfajtz) = 1 + \ti\ is not a weight on R 2 or 
Z 2 since it does not satisfy (2.1). 

(d) Let w = W1W2 where w\,W2 are two weights on G with polynomial growth of orders 
Ni, N2 respectively. Then w is a weight with polynomial growth of order N = N% + N2. 

(e) The function w(ti,t2) = (1 + |ii|)(l + 1^1) is a weight on R 2 or Z 2 with polynomial 
growth of order 2. 

(f) The functions w(t) = exp(|i| p ) and w(t) = exp((l + |i|) p ), where < p < 1, are 
weights on R rf or Z d which are not of polynomial growth. 

(g) The function w(t) = exp(l + \t\) does not satisfy (1.3), (2. 2) but it satisfies (2.3) for 
G = Z or R. 

yj(t -\- s) 

(h) Phong [50j considers weights on R + satisfying the condition liminf — — > 1 for 

all s G R+. From this he concludes that wx(s) = limsup defines a non-decreasing 



t— ¥00 



weight on R + . The function w(t) = (1 + |sint|)(l + \t\) , where N G Z + , is a weight on 
R rf or Z rf with polynomial growth of order N, not satisfying the condition used by Phong. 

Indeed, w\(s) = 1 + Isinsl. Moreover, liminf w ^t J ?' > = i and liminf = \ which 

' W 11 |<|->oo W W 2 |t[->oo 

contrasts with a statement without proof in [49, after (4)]. 

Proposition 2.2. If w satisfies (1.1) - (1-3) then lim -log w(s + nt) = uniformly 
with respect to s, t G if, for each compact K C G. 

Proof. It is enough to prove lim i log u>(nt) = uniformly on if. It is well-known that 

n— too n 

the limit exists pointwise. Indeed, for arbitrary positive integers n, k choose m,l £ Z with 
n = mk + I and < / < k. By (1.1), (1.2) w(nt)n < w(kt)^w(lt)« < w(kt)^w(lt)n. Hence, 
limsup w(nt)~ < w(kt)k. Therefore limsup u>(nt)~exists and, by (1.3), limsup w(nt)« = 

n-+oo n— ¥00 n—>oo 

0. Next note that the sequence f m (t) = w(2 m t) 2 m is non-increasing and converges to 1 
for each t G G. By Dini's theorem [7, p. 194] (f m ) converges uniformly to 1 on K. So for 
each e > there exists N(e,K) such that w(2 m t) 2 < 1 + e and w(t) 2 m/2 < 1 + e for 
all t G K and m > N(e,K). For such m set n = 2 m , take 1 < k < n, t € K and the 
smallest integer n* > yfn. We show that w(kt) n + k < (1 + e) 2 . Firstly, if 1 < k < n* then 

1 k 1 

w(kt) n + k < w(t) n+k < w(t) n* < 1 + e. Secondly, if n* < k < n then k = dn* + e with < 
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d,e < n* and so w(kt) n + k < w(n*t) n + k w(et) n + k < w(n*t)n* w(et) n + e < (1 + e) . Therefore, 

i i i . i . 

for 1 < k < n, w((n + k)t)™+ k < w(nt) n + k w(kt)™+ k < (1+e) 4 . Thus, w(pt)p < (1 + e) for 

a\lp>2 2N ( £ > K \ □ 



The following condition will be used in Proposition 5.4 and Lemma 8.8. By the next 
proposition, (2.6) is a consequence of (2.1). 

(2.6) For each compact neighborhood H of there is a compact set K D H 

such that sup w(t) < inf w(t). 
teK t£K 

Proposition 2.3 If w is a continuous positive function on G, then — G Cq(G) if and 
only if (2.6) holds and G is compact or w is unbounded. 

Proof. Suppose G Cq{G). Then for each r > the sublevel set K r = {t G G : w(t) < r} 
is compact. Since each compact neighbourhood H of is contained in some K r , (2.6) is 
satisfied. If G is not compact, then G \ K r is non-empty for each r > and so w is 
unbounded. Conversely, suppose (2.6) holds and w is unbounded. Given e > 0, choose 
t e G G such that w(t £ ) > - and a compact neighbourhood H of and t £ . By (2.6) there is 
a compact set K ^ H such that sup w(t) < inf w(t). Hence, < e for t ^ if, proving 

— G Co(G). If G is compact, there is nothing to prove. □ 
Now note that, if w satisfies (1.1) and (1.2), then < (w(h) — 1) for all h G G and 



hence (2.3) would hold if w(0) = 1. Moreover, A^(^) = — — (^)h^p and therefore 

(2.7) G BUC W (J, X) if and only if — is uniformly continuous and bounded. 
Furthermore, \\<f> t+h - 0t|| w>oo < w(t) \\(f) h - 4>\\ WtOQ and so 

(2.8) if G BUC W (J, X) then the function t — > (f) t '■ J — > BUC W (J, X) is continuous. 
3. Polynomials 

Following [27j (see also [15]) we say that a function p G C(J, X) is a polynomial if 
A" +1 p = for some n G N and all t G J. Equivalently, p(s + mi) is a polynomial in 
m G Z + of degree at most n for all s, t G J. For a non-zero polynomial p, the minimal 
such n is its degree deg(p). The space of all polynomials of degree at most n is denoted 
P n (J,X). Since A t is a continuous mapping on BC W (J, X), the polynomials in BC W (J, X) 
form a closed subspace which we denote by P W (J,X). If w has polynomial growth N, then 
P W (J,X) C P N (J,X). We also set P™{J,X) = P n (J,X) n P W (J,X). 

Example 3.1 

(a) If J is Z or R then P n ( J,X) is the space of ordinary polynomials. Indeed, that each 
(ordinary) polynomial is in P n (J, X) is clear. Conversely, if p G P n (Z, X) then A™p(m) = c, 
a constant, and A™(p(m) — cm n /n\) = for all t G Z. An induction argument shows p 
is an (ordinary) polynomial. If p G P n (R, X) then p|z G P n (Z,X) and so p|z = q\z for 
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some (ordinary) polynomial q : R — >X. If t = a/b where a, b are non-zero integers, then 
p(t + m/b) = q(t + m/b) for m G —a + 6Z. These are polynomials in m G Z + and so agree 
for all m G Z+. In particular p(i) = q(t) for all rationals t and, by continuity, for all reals t. 

(b) If p : G — > C is a continuous homomorphism, then p G P 1 {G, C). 

(c) If p € P«,(G?,X) and / G L^(G), then p * / G Indeed A" +1 (p * /) = 
(A r t l+1 p) * f for all t G G. 

Occasionally it will be necessary for us to to assume that P n (J, C) is finite dimensional. 
That this condition is not always satisfied is shown by the following example. 

Example 3.2. Let G = {s : N — > Z ; s has finite support} with the discrete topology. 
So G is countable, locally compact, cr-compact and not finitely generated. Moreover the 
evaluation maps p n : G — > C defined by p n (s) = s(n) for n G N are polynomials of degree 
1 and so dim(P 1 (G, C)) = oo. Note also that J = {s G G : s(n) = for n < 0} satisfies the 
conditions of the following proposition. 

Proposition 3.3. Assume that J is a subsemigroup of G with non-empty interior such 
that G = J — J. Then for each n the restriction map r : P n (G, X) — > P n (J,X) is a linear 
bijection. In particular, every polynomial on J has a unique extension to G. 

Proof. Firstly, let p G P n (G, X) be zero on J. For any t £ G there are u,v G J with 
t = u — v. Now p{t + mv) = p(u + (m — l)f ) is a polynomial in m G Z + which is zero for 
all m > 1. It is therefore zero for m = 0, showing p(t) = and r is one-to-one. Secondly, 
let q G -P n (J, X). We define an extension p of q to G as follows. If t G G then t = u — v 
for some u,v E J and we set p(i) = X]j=o( — l)- 7 A£g(-u). If also t = u — v where i,?6 J we 
must show 

(3-1) E-=o(-l) j A^(n) = E-=o(-l) j A^(S). 

To do this define a function L : P n (J, X) — > X by L(q) = q{u) — A v q(u) = qiu) — A^q(u). 
We prove by induction on s G Z + that 

(3-2) E"=o(- 1 ) JA ^) = E J S =o i ( A ^ A ^) + A ' A |9H if 9 is of degree n = 2s, 
and 

E"=o(- 1 ) J ' A ^(«) = Ei=o L(A J v Aiq) if g is of degree n = 2s + 1 
where w is an arbitrary element of J. When n = 0, q(u) = g(u>) and when n = 1, A v q(u) = 
A v q{w) and so <?(u) — A„g(-u) = g(u) — A^g(5) = L(q). Hence, (3.2) holds for s = 0. Assume 
(3.2) holds for polynomials of degree less than 2s. If n = 2s, we can apply (3.2) to A v q and 
obtain 

£-=o(-l) J ' A ^H = - £^L(AiA§A^) 

= ?(«) + E, S =o A^ Ai A|A^(n) - E^o Ai AiA^(S) 
= E -=o A ^ A ^(n) - Ej=o AiA J ~A v q(u) 
= E S J ZlL(AiAlq) + At ) Alq(u). 
If n = 2s + 1, we can apply this last result to A v q and obtain 

E^oMP'AkH = g(«) - Ej=o L(AiA J ~A v q) - A s v AlA v q(w) 

= ?(«) + E -=o A^Ai AiA^(n) - £ 'ij A{ A„ g (5) - AJA|A„g(u) 
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= £5=o MAiq(u) - £* =0 AiAiA v q(u) 
= E-=o^(AiA|g). 
Hence, (3.2) is proved and (3.1) follows, which means p is well-defined. 

Note that if t G J then we can take t = u, v = and so p(i) = q(t). So p is an extension 
of q. Next, we show p is continuous. Since J has an interior point sq, there is an open 
neighborhood W of in G such that so + W C J. Moreover, if t = u — v, where u,v G J 
then i = u — v, where u = sq + u,v = sq + v. Let (t a ) be a net in G converging to t. 
We may suppose t a = t + w a where w a G W. Setting u a = u + w a and v a = v we find 
u a ,v a £ J,t a = u a — v a and (ix Q ) — >■ 5. So p(t a ) — > pit). Finally, if tj = Uj — Vj where 
Uj,Vj G J and m G Z + then p(ti + mi2) = Ej=o( — 1) J ^i+m^^^ 1 + mu 2) which is a 
polynomial in m of degree at most n. So p G P n (G,X), proving r is onto. □ 

Proposition 3.4. If P n (J,C) is finite dimensional then P n (J,X) = P n (J,C) ®X. 
Similarly, if P™(J, C) is finite dimensional then P"(J, X) = P™( J, C) ®X 

Proof. Clearly, P n (J, C) ®X C P n (J,X). For the converse, which is clearly true when 
n = 0, we use induction on n. Let {pi, .. be a basis of a complement Q of P n_1 (J, C) 
in -P n (J, C). Since deg(pi) = n we can choose ii G J such that A^pi / 0. Since each A^pj 
is a constant we can set q\ = pi/A^pi and choose Ai G C such that Af 1 (p2 — Xiqi) = 0. Set 
q2 = P2~Mqi- Then degfa) = n for otherwise (72 G QnP n_1 (J, C) = {0}, contradicting the 
linear independence of pi,P2- Hence we can choose ti G J such that A™^ / 0. Continuing 
in this way, we obtain a basis {qi,--.,qk} of Q and a subset {ti,...,tk} of J such that 
Alqj = 5ij. Now let p G P n (J,X). For each x* G X* we have x* o p e P n (J,C). Hence 
x*op = EjLi qjCj(x*)+r(x*) for some Cj(x*) G C and r(x*) G P n_1 (J, C). But x*oA?.p = 
A™.(x*op) = Ci(x*) and so Cj(x*) = x*(cj) where q = A", p. Moreover, x*o(p— Ej=i Qj c j) = 
r(x*) G P n_1 (J, C) and so by the Hahn-Banach theorem A"(p— Ej=i SjCj) = for all t G J 
showing p-EjLi <7j c j G P n ' 1 (^ ^0- B y th e induction hypothesis P n_1 (J, X) = P n - 1 (J, C) 
(g)X and hence p G P n (J, C) (g>X as required. The second assertion is proved in the same 
way. □ 

Proposition 3.5. If P n (Ji, C) is finite dimensional, then 

P n (j l x j 2 ,c) = El= pm (Ju c ) ®P n - m (h,c). 

Proof. The inclusion D is clear. For the converse, take any p G P n {J\ x J2, C). As in the 
proof of the previous proposition, we can find for each m = 1, ...,n a basis {q™, q™ m } 
of a complement of P m_1 (J 1 ,C) in P m (Ji,C) and a subset js™, sj^} of J x such that 
A™ qf = 5 id . Also let {q^} be a basis of P°(Ji,C). For any t G J2 we have p(.,t) G 
P n (Ji,C) and so p(a,t) = £m=o Ej=i qf{s)rf{t) for some rf(t) G C. We prove by 
backward induction on h that r 1 - G P n " h (J2,C). Now 
A£ ?)0) p(s, *) = ELi E -=i Alqf{s)rf{t) = rf(t) 
so each rf is a constant as required. So suppose each rj 1 G P n_m ( J 2 , C) for n > m > /i + 1 
and 1 < j < k m . Then 

p(s,t) - EIU+iEfeCWW = E™=o E)=iC( s ) r f(*) G pn ( J i x J 2' c ) and 
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A^ )0) Et=o E -=i qf(s)rf(t) = rf (t). So each rf G P n ~ m (J 2 , C) 
and the proposition is proved. □ 



Recall that a group is called a torsion group if every element has finite order. If the 
orders of the elements are bounded the group is said to be of bounded order. 

Proposition 3.6. Let H be a closed subgroup of G such that G/H is a torsion group. 

(a) The restriction map r : P n (G, X) — > P n (H, X) is one-to-one and so dim (P n (G, X)) < 
dim(P n (H,X)). 

(b) If also G/H is of bounded order and P n (H, C) is finite dimensional, then 
r : P n (G,X) —7- P n {H,X) is a linear isomorphism. 

Proof, (a) Let p G P n {G, X) satisfy p(t) = for all t G H. Let t G G\F and let tt : G 
G/H be the quotient map. Since G/i? is a torsion group, meaning every element has finite 
order, ir(kt) = or kt G H for some A; G N. Hence p{mkt) = for all m G N. But p{mt) is 
a polynomial in to G Z + and so is zero. In particular, p(t) = showing r is one-to-one. 

(b) Let {pi, ■-,Pm} be a basis of P n (H,C) and choose /c G N such that kt £ H for 
all t £ G. Define qj(t) = Pj(kt) and suppose = on G for some ctj G C. 

Then ]Cj=i a jPj = on kG. But A:G is a closed subgroup of H such that H/kG is a torsion 
group. By part (a), Y^jLi a jPj = on H. Hence each otj = 0, showing {q\, q m } is linearly 
independent and dim (P n (G,C)) > dim(P n (H, C)). Therefore r : P n (G,X) -)• P n (H,X) 
is a linear isomorphism, by (a) when X = C and then by Proposition 3.4 for general X. □ 



Proposition 3.7. Let G be compactly generated. 

(a) G has an open subgroup Go — R d x Z m x i<C for some integers d, m > and some 
compact group with G/Gq a finite group. Moreover, there is a finite subgroup £7 C Gj} 
such that the connected component Tq containing 1 of G satisfies Yq/E = R"' x T m . 

(b) P n (G,C) is finite dimensional. 

(c) For each p G P n (G,X) there exist p,- G P n (G,X) and ^ G P n (G, C) with ^(0) = 
such that Ahp(t) = ~}2 k j = iPj{t)qj(h) for all h, t G G. 

(d) P W (G,X) C BUC W (G,X). 

(e) If also u; has polynomial growth iV, then P W (G, C) is finite dimensional. 

Proof, (a) By the principal structure theorem for locally compact abelian groups (see [53, 
Theorem 2.4.1]), each such group G has an open subgroup G\ = H d x K for some d > 
and some compact group i'T. Hence G/G\ is discrete. Since G is compactly generated so is 
G/Gi and therefore G/G\ is finitely generated. So G/G\ = Z m x F for some m > and 
some finite group i 7 (see Theorem 9.3 in [32]). As Z m is a free group, G has a subgroup 
isomorphic to Z m with H D G± = {0}. Since Gi is open, Gq = G± x H is open too. 
Moreover, G/G = F. By [53, Theorem 2.1.2, 2.2.2], G/G^ ^ G and G ^ R d x T m x £ 
Since K is discrete, the connected component of Go is isomorphic to R^ x T m . As Gq 
is finite, E = Gq Pi Oo is finite too. Since the natural homomorphism of G onto G/Gq is a 
continuous open map it follows T /E = n = K d xT m . 
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(b) By Proposition 3.6, dim P n (G,C) = dim P n (R d x Z m x K,C). But P n (R d x 
Z' m x K, C) = P rt (R a! x Z m ,C) which, by example 3.1(a) and Proposition 3.5, is finite 
dimensional. This proves (b). 

(c) Since r : P n (G, A) — > P n (Go, X) is a linear isomorphism and (c) holds when G = 
R d x Z m it holds for compactly generated G. 

(d) If p G P W {G, X) choose Pj,<Zj as in (c). Since ||A/ip(t)|| < cw(t) Ylj=i WOjifyW > where 
c = sup.,- ||pj||„, , it follows that p G BUC W (G, X), proving (d). 

(e) The assumptions imply P W {G,X) C P N (G,X) and therefore the result follows from 
(b). □ 



Remark 3.8. The above proof also shows that P n (G, C) is finite dimensional whenever 
G has an open subgroup G\ such that G\ = R rf x K for some d > and some compact 
group K with G/G\ = Z' m x F for some m > and some torsion group -F. 

4. w-Ergodic functions 

As in [35], [57], |15| we say that a function : J — > X is ergodic if G BC(J,X) 
and there exists G X such that for each e > there is a finite subset i 7 C J with 
1 1 fTT 5-/ ^* ~~ ^ e ' Below we wm use the abreviation i?p0 = jyj^^ 4>t- The element 

Ma, clearly unique, is the (Maak) mean of 0. Denoting the space of all such ergodic 
functions by E(J,X), and by M : E(J,X) -> X the function M(0) = Afy, it follows that 
M is linear and continuous. Moreover, if E°(J,X) = {0 G E(J,X) : M(0) = 0} then 
£(J,A) =S°(J,X)©X 

We shall say a function : J — > X is w-ergodic if G BC W (J, X) and there is a 
polynomial p G P W (J,X) such that (0 — p)/w is ergodic with mean 0. The polynomial p, 
not necessarily unique, is called a w-mean of and the space of all w-ergodic functions 
is denoted E W (J,X). The subspace E^(J,X) of functions with w-mean is therefore a 
closed subspace of BC W (J, X) and E W (J, X) = E^(J, X) + P W (J, X). A function is totally 
w-ergodic if 70 is w-ergodic for all 7 G G. 

If P W (J,C) is finite dimensional, it follows that E W (J,C) is a closed subspace of 
BC W (J, C). Moreover, we can choose a subspace P^ 1 (J, C) of P W (J, C) such that E W (J, C) 
= £° (J, C)©P* f (J, C). The (continuous) projection map M w : £^(J, C) -> Pjf(J, C) then 
provides a unique w-mean M w (4>) for each G E W (J, C). Now set P^ 1 (J, X) = Pff(J, C) ® 
A and define M w : E W (J,X) -> P^(J,X) by M w (0) = Ej=i M «»(Pj) ® wh ere G 
E W (J, X) has w-mean p = X^j=i Pj ® x i ^ Pw(J, C) ® A. 

Proposition 4.1. Assume P W (J,C) is finite dimensional. Then the map 

M M ,: J E M ,(J,A)^P* f (J,A) 

is well-defined and continuous. Moreover, for each G E W (J,X), M w (<p) is a w-mean for 
and for each of its translates. Finally, E W (J,X) is a closed translation invariant subspace 
of BC W (J,X) and E W (J,X) = £°(J, A) © Pjf(J,X). 
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Proof. Let <fi £ E W (J,X) have means p = Ylj=iPj ® x j and 1 = Yl^jLiQj ® Then 
E° (J, X) and so x* o (p - g) G (J, C) for all x* G A*. Hence M w (x* o (p - g)) = 

= x* o (X)*=iM«(Pj) ® Xj - Y™=i M w{qj) ® Vj) which gives £* = i Mufo) ® x i = 
Z^liMuXg,) (8) j/j showing M is well-defined. Also, pj - M w {pj) G £°(J,C) and so 
by Lemma 4.2 below p — M w (p) G P£,(J, X). Hence M w ((fi) is a mean for (fi. More- 
over, \\x* o M w ((f))\\ = \\M w (x* 0)11 < c||x* o 0|| = csupigj \\x* o (j)(t)\\ /w{t) < c\\x*\\ \\(f)\\. 
Hence, |||M W (0)||| < c\\<f>\\ where \\\ip\\\ = sup J^|i for V G P W (J,C)®X. By Lemma 4.3 
below, M w is continuous. If ((fi n ) is a sequence in E W (J, X) converging to (fi in BC W (J, X), let 
p ra = M w ((f> n ). Then (p n ) converges to some p G P^f(J,X) and so ( — ~ p " ) converges to 
in BC(J,X). By the continuity of the Maak mean function, M(^ = ^) = and so E W (J,X) 
is closed. That E W (J, X) = E^(J, X) + P^f (J, X) is clear and that the sum is direct follows 
from the Hahn-Banach theorem. Finally, for each t G J we have = + and so, 
by Lemma 4.4 below, p is a w;-mean of (fit and E W (J,X) is translation invariant. □ 



Lemma 4.2. Assume P W (J, C) is finite dimensional. If p G P W (J,X) and x* o p G 
£° (J, C) for each x* G X* then p G £° (J, X). 



Proof. By Proposition 3.4 we can choose qi,...,q m G P W (J, C) and linearly independent 
unit vectors xi,...,x m G X such that p = ® x j- Then choose unit vectors x* G 



X* such that {Xj,Xi 



5ij. Given e > there are finite subsets Fj of J such that 



RFj(x* o p/t/j) < e/m. Setting F = F± + ... + P m we find 



||flF(p/K>) 



£"li^7™) 



EJLi Rf(x*o P / w ) < EjLi RFi(x*op/w 



m 



< e. 



This proves that p G E%(J, X). 



□ 



Lemma 4.3. If P = P W (J, C) is a finite dimensional Banach space, then on P ® X the 
natural norm and the norm |||0||| = sup ^"j^ are equivalent. 

Proof. Let {pi, ...,Pk} be a basis of P consisting of unit vectors. If p = Ylj=i c jPj> where 
Cj G C, then ||p|| ~ EjLi \\ c j\\ > ~ denoting equivalence of norms. Also, every <fi G P X 
has a unique representation <fi = Ylj=iPj ® x j> where x^ G AT, and ||0|| ~ EjLi ll x jll- 

Hence, \\\4>\\\ = sup ' ~ < £j=i ll x ill ~ ll^ll- Conversely, choose jo such that 

ll^ill < 1 1 a? j 1 1 for each j. Then choose x* G X* such that (x*,Xj ) = \\xj \\ and ||x*|| = 1. 

52j=iPj{x*,Xj) ~ Ei=iK«*.aJj)l > Noll > *£jLi Ikill ~ WW- D 



Hence, |||0||| > 

Lemma 4.4. If G BC W (J, X) then A t <fi G £° (J, A) for all t G J. 

Proof. We have ^ = A t (£) + (£) t ^f where A t (£) G P°(J, A) by [16, Proposition 2.2] 
and (^) t ^f G P°( J, A) by condition (2.2). □ 



Even on R, not every continuous function has bounded differences. However, uniformly 
continuous functions on R have bounded differences. To study this behavior we denote by 

UCD W (J,X) = {cp G UC W (J, A) : A h (fi G BUC w {J,X),h G J}. 



12 



BOLIS BASIT AND A. J. PRYDE 



See [15, (4.1)] where it is shown that if G is connected and w = 1, UCD(G, X) = UC(G, X). 
On the other hand the function f(x, n) = x + n 2 defined on G = R x Z is uniformly 
continuous with differences not all bounded. If J € {R+,R}, UCD(J,X) = UC(J,X). 
Moreover, UC{J,X) = {</> G L} oc {J,X) : A h (f> G BUC(J,X),h G J} (see [11, Corollary 
5.5]). 

Lemma 4.5. (a) Let 4> £ UCD(J,X) and h E J. The following are equivalent 

(i) A^G£(J,I). 

(ii) A„ ft G £( J, X) for some n 6 N. 

(iii) A n?i </> G E(J, X) for all n G N. 

(b) Let G BC(J, X) and /i G J. The following are equivalent 

(i) 0G£(J,X) 

(ii) ELo 0*h G ^( J > x ) for some n G N - 

(iii) ELo ^ G ^( J > X ) for a11 n G N - 

Proof, (a) Assume A/j^ G E(J,X). Since E(J,X) is linear and translation invariant, the 
identity 

(4.1) A n ,0 = ££=o(A^)M 

implies A n h<p G E(J,X) for all n G N. This proves (i) implies (ii) and (iii). 

Assume A n h4> G £*( J, X) for some n G N. Using the definition of Maak ergodicity, for 
each e > there exists t\, ■ ■ ■ ,t m G G such that 

\\(l/m)ZT=i(^)t k -M(A nh cP)\\<e. 

The identity (4.1) gives 

ll(l/(mn))E™=i(E?=o " M(A n ^)/n|| < e/n. 

Again applying the definition of Maak ergodicity to A^, one gets A/^ G E( J, X) with 
mean M(A n h(p)/n. This proves (ii) or (iii) implies (i). 

(b) Follows similarly as in (a). □ 



Corollary 4.6. Let J G {R+,R}, <j> G UC(J,X) and A h (f> G E(J,X) for some /i > 0. 
Then A s G £7(J, X) for all s > 0. 

Proof. By Lemma 4.5 (a), one gets A^ n 0, A^/^ G E(J,X) for all n G N. It follows 
A r /j</> G E(J,X) for all r G Q + . Since {r/i : r G Q} is dense in R, it follows that for 
each so > there exists a sequence (r n ) C Q + such that r n h — > so as n — > oo. Since 
A s cj) G BUC(J,X) for all s > 0, one gets A rn ^0 — >■ A so as n — > oo. This implies 
A s G E(J, X) for all s > 0. □ 



Lemma 4.7. Let G UCD W (J, X) and /i G J. The following are equivalent 

(i) A h </>€E W (J,X) 

(ii) A n h0 G E W (J,X) for some n G N. 

(iii) A nft G E W {J,X) for all n G N. 
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Proof. Assume A h 4> G E W (J,X). Then (A h <f>)/w G E(J,X). Since E(J,X) is linear, 
translation invariant and (A s w)/w G Co(J,X) C E(J,X) for all s G J, the identity 

w Z^ik=0\~w~ )kh 2—ik=l\~w~)kh w ■ 

implies A n h(j) G E W (J,X) for all n G N. 

Conversely, assume A n h4> G E W (J,X) for some n G N. By (2.2), (A s w)/w G Cq(J, X) 
for all s G J. Therefore (4.2) implies Y2=l(^r)kh G E(J,X). By Lemma 4.5 (b), one gets 
^ G £( J, X). This implies A h <p G £ W (J, X). □ 



Corollary 4.8. Let J G {R+,R}, G UC W (J,X) and A,^ G E W (J,X) for some /i > 0. 
Then A s <t> G £ TO (J, X) for all s > 0. 

Proof. This follows similarly as in Corollary 4.6 using Lemma 4.7 instead of Lemma 4.5. □ 



Proposition 4.9. If ^ G E W (G,X) has w-mean p, then </>|j G E W (J,X) and 0|j has 
u>-mean p| j. 



Proof. Given e > there is a finite subset F = {ti, t m } C G such that 

< e for all t G G. 

Xj — Vj. Let u = v\ + ... + v m and set Sj = tj + v. So Sj G J 



^Er=i(^)fe+i) 

H-l i^=l(^ E )(*i+*) 



Choose Uj ,Vj G J such that tj 



< e for all t G J. 



□ 



Proposition 4.10. Let <fi £ BUC W (G, X), f G L^(G) and suppose </>|j is w-ergodic with 
it;- mean p|j where p G P W (G,X). If p = or G is compactly generated, then (4>* f)\j is 
tu-ergodic with w-mean (p* f)\,j. 

Proof. If x is the characteristic function of a compact set K C G then (</> — p) * x( s ) = 
f_ K (4> — p)t(s)d/j,(t) for each s G G. But for each t G G, {4> — p)t = A t (0 — p) + (0— p) and so 
by lemma 4.4, {<t>-p)t\j G £°(J,A). Also, by Proposition 3.7(d), 0-pG BUC W {G,X). By 
(2.8), the function t i-> (</>— p)t| j : G — >■ E^(J, X) is continuous and hence weakly measurable 
and separably-valued on —K. The integral f_ K (</> — p)t\jd[i(t) is therefore a convergent 
Haar-Bochner integral and so belongs to E^(J,X). As evaluation at s G J is continuous on 
E%(J,X) we conclude that {(<f>-p)*x)\j G Hence also ((</>- p) *cx)| j G £°(J,A) 

for any step function a : G — >■ C. By [52, p. 83] the step functions are dense in L^(G) and 
so ((0 - p) * f)\ j G £° (J, X) for any / G Lj,(G). □ 



The difference theorem below, included here in order to characterize E W (J,X), will also 
be used later. 



Lemma 4.11. Afp G C wfl (G,X) for all p G P tt) (G, A), t G G and n > 1. 



14 



BOLIS BASIT AND A. J. PRYDE 



Proof. Let p have order m and note that 

(4.3) A?(£) = E^=o(-l) J ( J) (£)(»-# = 3? " E^=o(-l) j ( •) (S)(n-i)*^^- 
Using (2.2) and A™ +1 p = we find A™ +1 (^) G G (G,X). By repeated application of 
the difference theorem for w = 1 [16, Theorem 2.7] , we conclude A™(^) G Cq(G,X) for 
1 < n < m + 1 and hence for all n > 1. By (4.1) again we conclude 6 Go(G, X). □ 

Theorem 4.12. Let J 7 be any translation invariant closed subspace of BC W (J,X). If 
^ G E W (J, X) has u>-mean p and A 4 G J 7 for each £ G J, then <p — p £ J 7 + C w fi(J, X). If 
also u> = 1 , then <p — p G T 

Proof. For any finite subset F C J we have 4=£ - R F (^) = ~jf\Y1 A *(^) and so 

_ _ t€F 

- p = «; i?F(^) - r|£ A t + ^ teF ( A t u> + j^Y, Atf). The first term on the 

right may be made arbitrarily small in norm by suitable choice of F. The second term is in 
J- by assumption, the third and fourth terms are in C Wj q(J, X) by (2.2) and Lemma 4.11. 
If w = 1, then Atw; = Atp = which shows <\> — p G T . □ 

We now use this theorem to characterize u>-ergodic functions. For this we introduce the 
space of Maak w-ergodic functions defined by 

(4.4) ME W (J, X) the closed span of {A t : £ G J, <p G BC W (J, X)}. 

In the case w; = 1 the closed span of {A^ : £ G G, G BUC(G, X)} is studied in [48]. 
See also the introduction to section 2 of [17]. 

Since A t 7 = 7A t 7(0), for each 7 G G, one gets 71 G ME W {G,X) for each x G X and 
7 GG\{1}. 

If w is an unbounded weight on G, then G is not compact. This implies G is not discrete. 
It follows that the set {1} is not open and hence G \ {1} is not closed. Therefore the 
trivial character 1 can be approximated in BC W (G,C) by characters from G \ {1}. One 
gets x G ME W (G, X) for each x G X. Hence each X-valued trigonometric polynomial 
YTj=\ x jlj £ ME W (G,X). By Proposition 5.4 below and Proposition 4.9, it follows 

(4.5) C W:0 (J,X)CME W (J,X). 



If also w = 1, then for any ip G Cq(J,X) and any finite subset F of J, we have ip = 

~W\Y2 ^ ^F^- ^ s II^F^Iloo ma y b e ma de arbitrarily small, we conclude that ip G 

teF 

ME(J,X). Hence 

(4.6) C (J,I)CM£(J,I). 



Corollary 4.13. If G is compactly generated E°,(J,X) = ME W (J,X). 

Proof. By Lemma 4.4 and the closedness of E^(J,X), we have ME W (J,X) C £°(J, X). 
Conversely, let <p G £°(J,X). Then A t (p G ME W (J,X) for all £ € J and hence </> G 
ME W ( J, X) by Theorem 4.12 and (4.5) with T = ME W ( J, X). □ 
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Theorem 4.14. Let J G {R+,R} or {Z + ,Z}, w m (t) = (1 + \t\) m , m G N and assume 
iu(s) < fcu;(t) for < s < t and some positive constant k. If </> G E^(J, X) then P m (/> G 
C WWmi0 (J,X) respectively S 1 "^ G C WWmi0 (J,X). 

Proof. We consider the case m = 1 since the general case follows by induction. Take J G 
{R+,R}, m = 1. Let G BUC W (J,X), t G J. Then ||P0(i)|| < fc|*||M|«,,oo«>(*) and so P 
maps BUC W (J, X) continuously into BUC WWl (J, X). Moreover P(A^) = A t (P0) - P0(t). 
By Lemma 4.4, one has A t (P(f>) G P° Wl (J,X). Since the constant P0(t) G P° Wl (J, X) we 
conclude P(A t (f>) G £?° Wl (J,X). By Corollary 4.13 and the continuity of P we conclude 
that P maps P°(J,X) into P° m (J,X). Finally ||A t P0(s)|| < k\t\w(t)w(s)\\4>\\ Wj0O 
for all s G J. Hence A t (P</>) G C7 WU , 1)0 (J, X). If G P°(J,X), we can apply Theorem 4.12 
to P0 to obtain P</> G C ww1j q(J,X). The case J G {Z + , Z} follows similarly. □ 

5. ty-almost periodic functions 

In this section we introduce a new class called weighted almost periodic functions. This 
new class is a natural generalization of the space of continuous almost periodic functions 
4> : G -»• X denoted by AP(G, X). 

So, firstly we recall some basics about AP(G, X) (see [3], [43] for the case G = R and [8] 
for any G). 

A subset E C G is said to be relatively dense in G if there is a finite set F C G such 
that G = U aeF (E + a). 

A continuous function (f> : G — > X is said to be (Bohr) almost periodic if for each e > 
the set E((j),e) = {r G G : \\(j)(t + t) — 4>(t))\\ < e, t G G} of its e-periods is relatively dense 
in G. 

The space of all continuous X-valued almost periodic functions defined on G is denoted 
by AP(G,X). It is well known that AP(G,X) is a subspace of BUC(G,X). Moreover, if 
</>i, ■ ■ ■ , n G AP(G, X), then n£ =1 P(0fc, e) is relatively dense in G for each n G N. 

Secondly, we denote the space of w-trigonometric polynomials ip = Y^j=iljPji where 
7j G G and Pj G P W (G,X), by TP W (G,X). The closure of TP W (G,X) in BC W (G,X) is the 
space yiPi,(G, X) of w-almost periodic X-valued functions on G. 

Proposition 5.1. If G is compactly generated, then AP W (G,X) C BUC W (G, X). More- 
over, for each <j> G AP W (G, X) the range of — is relatively compact. 

Proof. If p G P t ,(G,X) then p G BUC W (G,X) by Proposition 3.7(d). By Proposition 3.7 
(b) and Proposition 3.4, we conclude that the space X p generated by the range of p is finite 
dimensional. Moreover, if 7 G G then Af l ( / yp)(t) = 7(i)7(/i)A/j?(t) + 7(i)p(t)A/ l 7(0) and 
(j(t)p(t))/w(t) G X p for all t G J, and so 7p G BUC W (G, X) and the range of {^p)/w is 
relatively compact. The results follow. □ 

Proposition 5.2. If P W (G, C) is finite dimensional, then AP W (G, X) C E W (G,X). 

Proof. By Proposition 4.1 E W (G,X) is closed in BC W (G,X). Take any 7 G G, 7 / 1 and 
any p G P W (G,X), p 7^ 0. It suffices to prove ^ G E°(G,X). To do this suppose firstly 
that 7(5) has finite order m / 1 for some s G G and let Pi = {(j — l)s : 1 < j < m}. 
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Then £ 7 (t) = ET=i^y~ l = 0. Hence, R Fl {^) = ^ (£)* = ^ - 



m ^ + ^ J2teF 1 7(0- The last term on the right is and so, by (2.2) and Lemma 

teFi 

4.11, RfA^) G G (G,X). Since G (G,X) C EP(G,X), for each e > we can find a finite 
set F2 C G such that ||i?F 2 i?ir 1 ( : ^)|| oo < e. Since Rf 2 Rfi(-J£) = -Rf 2 +Fi(^) we conclude 
that G E°(G,X). If 7(5) has infinite order for every non-zero s£G then 7 has dense 
range in T. Given e > we can find seG such that | 7 (s) + 1| < tt^it — • If F\ = {0, s}, then 

R fA^) = hs^T~ h^tt^r + ^^i 3 ) + !)■ This time choose a finite set F 2 C G such that 



Ji) 2 U) s IB - 



i? F2 (±7 

we obtain, as before, ||i?F 2 i?ir 1 ( 



< 



, Since ||i? F2 (^(7( s ) + l))|| 



< 



£(7(«) + 1) 



1 00 ^ 



7£^ 



< e. 



□ 



Lemma 5.3. (a) Let <p G C(G,X) have support in a compact neighbourhood i^T of 

in G and suppose -ftT generates G. Then there is a sequence of trigonometric polynomials 

ifi n : G — > X converging uniformly to (f> on K with sup ||^ n (t)|| < j + sup ||</>(i)||. 

teG teG 
(b) If also G = R and </> is m-times continuously differentiable on R, then ip n may also 



be chosen so that ipn 
< j < m. 



(f)(j) uniformly on K and sup ifin\t) 

teG 



< i + sup ||^'>(t)|| for 



Proof, (a) By [53, 2.4.2] there exists a closed subgroup G\ of G with G/G\ compact, G\ 
isomorphic to Z m for some m > and K D G\ = {0}. Since (A" — K) n Gi is finite, 
we may also assume (replacing G\ by one of its subgroups of finite index if necessary) that 
(K - K)C\G\ = {0}. Let 7r : G ->■ G/Gi be the quotient mapping and define 4> ■ GjG\ ->■ X 
by ^(7r(t)) = <f>(t) tft€K and ^(ir(t)) = if ir(t) £ tt(K). Since (if - K) n Gi = {0}, is 
well-defined. Moreover, 4> G C(G/G\, X) and (j)oir\ K = 4>\k- Since G/G\ is compact, there 
is a sequence of trigonometric polynomials rj n : G/G\ — > X converging to <fi in C(G/Gi, X). 



We choose rj n so that 



% 



< — and let Vn = % if, a trigonometric polynomial. 



Then (tp n \ K ) converges uniformly to (f>\ K and || ip n \^ = \\ rj n [[^ < \ + <f> + 

00 

(b) In this case, GjG\ = T the circle group, and so <j> G G m (T,X) the space of 
m-times continuously differentiable functions from T to X. With the norm ||i*||/ m \ = 

E 

[39, Theorem 2.11] we may choose r\ n so that i] n — <p < 



j=o jt H^^lloo ) G m (T,X) is a homogeneous Banach space in the sense of [39, 2.10]. By 



(m) 



n ^ m) ^ . (This last reference deals 



with C-valued functions, but the same proof is valid for general X.) Setting ip n — r\ n o it 
we obtain the lemma. □ 



Proposition 5.4. If w is an unbounded weight and G is compactly generated, then 
TP(G,X) is dense in C wfi (G,X). 

Proof. Take (f> G C Wi q(G, X) and n G N. Since G is compactly generated, there is a compact 
generating neighbourhood F n of in G such that ||0(t)|| < h w if) f° r au t ^ F n . As 



u; is unbounded there is a compact set H n D such that sup ||^(t)|| < - sup w(t). 

Let ET n be a compact set whose interior contains H n . By Proposition 2.3 we may assume 

sup w(t) < inf w(t) and so sup ||^>(t)|| < - inf w(t). Since G is a regular space [41, 

t€K n t<£K n t( z Kn t<£K n 

p. 146] there is a continuous function / : G — > [0, 1] which is 1 on H n and outside 
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K n . By Lemma 5.3 there exists i[) n G TP(G,X) with sup \\f(t)<f)(t) — ip n (t)\\ < ^ and 

t€K n 

sup \\i> n (t)\\ < ± + sup ||/(t)^(t)||. Hence 

IIP WL.OO S SUP ^ r SUP ^ h SUP -jjTjy- 

i+sup ||/(tMf)ll 

^ ll^n(t)|| , „ nn ||0(t)|| ,1,1, tdK n 5 

+ SU P*^n < , 1IW + n + n + in f w ( t ) < n- 

This completes the proof. □ 
Proposition 5.5. As usual let w N (t) = (1 + \t\) N , JVeN. 

(a) If w is an unbounded weight and G is compactly generated, then C W fi(G,X) C 
AP4G,X). 

(b) Ifp gP m (G,X), then p • AP(G, X) c AP W {G,X). 

(c) If G G {Z,R}, then AP Wn {G,X) = t N • AP(G,X) © G WjVj0 (G,X). Moreover, if 
= ^ + ^ with^G AP(R,X) and 0^,0 (R,X) then ||^||oc < IMkw 

(d) Let G iP MjV (R,I) and = t N ip + £ with V G AP(R,X) and £ G G mN)0 (R,X). 
Let G BUC WN (R, X). Then 0' G AP WJV (R,X), V' G AP(R, X) and f G G MW)0 (R,X). 

(e) If G AP(R, X) and P 2 (/> G AP m (R, A"), then there is a £ X such that (P 2 ^ - at) G 
C Wli o(R, X). 

Proof, (a) This follows directly from Proposition 5.5. 

(b) By [57, p. 330, Corollary] TP(G,X) is dense in AP(G,X). It follows that if <f> G 
^4P(G, X), then is a limit in BUC W (G, X) of a sequence from p • TP(G, X). 

(c) Note firstly that the sum on the right is direct. For suppose t N ip\ + £i = i^V^ + £2 
for Vj G AP(G,X) and ^ G G™, (G,X). Set q(t) = (1 + - and J = G+. Then 
(V'l - ih) I J = ~(6 - 6 - #2 + #i)|j G G (J,X). This is impossible unless ipi = ip 2 - 
The sum is also topological. For suppose <fi n = t N ip n + £ n where ip n G AP(G, X) and 
£n G G^ (G,X) and (</> n) converges to cf> in BC W (G , X) . Then 

(5.1) &\j = il> n \j + &^\j€AP(G,X)\j®Cb(J,X)=AAP(J,X). 

But this last sum is a topological direct sum (see [53]) or [9, Proposition 2.2.2] and references 
therein) and so (ip n \j) converges to for some ip G AP(G,X). Hence (ip n ) converges to 
ip in AP(G,X) and (t N ip n ) converges to t N ip in AP W (G, X). It follows that (£ n ) converges 
to some £ in C lUj o(G, X) and that = + £. 

Next, given G AP W (G, X) we may choose a sequence (7r n ) C TP W (G, X) converging to 
<p in AP W (G, X). But vr n = t N ip n + £ n where G TP(G, X) and £ n G G^ )0 (G, X). It follows 
from the previous paragraph that (p = t N ip + £ for some ip G AP(G,X) and £ G C Wi o(G, X). 
The converse follows from (a) and (b). The inequality Halloo < H^IUjv.oo = I \^>/wn I loo 
follows from [9, Proposition 2.2.2]. 

(d) One has n[<P{- + l/n)]-cp{-)}-<P' {■) = n J Q 1/n [</>'(■ + s)] -</>'(■)] ds -> in P£/G WiV (R, X) 
as n — )• 00. This implies 0' G ^4P„, JV (R, X). By part (c), <p' = t N t] + \i where rj G AP(R, X) 
and (j, G C WN)0 (R,X). Now 0/^1 R+ = ip + (£ + ^(^ - w N ))/w N \ R+ G A^P(R+,X). 
By (5.1), ? exist on R+ and (n[i/){- + l/n)\ - ^(-)]| R+), (n[f (• + l/n)/w N {- + 1/n)] - 
C(0/^iv(-)]l R +) are Cauchy sequences in PC/G(R+,X). It follows V'| R+ G AP(R,X)| R+ 
and £7tojv|R+ G G (R+,X). Similarly R_ GG ^P(R,X)|R_ and f'/u;jv|R_ G 
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G (R_,X). Now <f/(t) = Nt 1 *- 1 ^) + t N ip'(t) + for all t / 0. From this we get £' is 
continuous at t = 0. This implies / W N G Go(R, -X") an d so tp' = r/ and Nt 1 ^ -1 ^ + £' = r/. 

(e) By Theorem 4.14, P 2 {(f>- M (j)) G G W2)0 (R,X). Since P 2 </> G AP Wl (R,X) C C W2 , (R,X) 
and P 2 (/> = P 2 - M0) + (M(p/2)t 2 we conclude = 0. By Theorem 4.14, P0 G 
C toli0 (R,X). By (c), P 2 </> = tV + C with V G AP(R,X), and £ G G tol)0 (R,X). By (d), one 
gets P(f> = tip' + ip + £' where ^ G AP(R, X). This implies = and hence ip = a G X . 
This shows P 2 (f)-tae C Wlfi (R,X). □ 

Proposition 5.6. If G AP W (G, X) then * / G AP^G, X) for all / G L\,[G). If also 
G is compactly generated, the operator : Pi,(G) — > AP W (G, X) defined by P</,(/) = 4>* f 
is compact. 

Proo/. Let ir = jp where 7 G G, p G P W (G, A") and let / G Pi,(G). Then 7r * / = j(p * 
(7 -1 /)) G TP W (G, X). Choose a sequence (7r n ) in TP W (G, X) converging to 4> in BC W (G, X). 
It follows that vr n * / -> * / and so * / G AP W (G, X). Since ||T (/)|| < ^ l , 



each T<^ is bounded. If G is compactly generated, then by Proposition 3.7(b), p(t — s) = 
Ylj^Pji^Qji 3 ) for s,teG where pj G P ro (G,X) and qj G P UI (G,C). So 7r*/ = Ylj=QlPj c j 
where Cj = J* G 7 - (s)qj(s)f(s)d/J,(s). Hence 7r * / G span{7Pj : 1 < j < k} and so T w has 
finite rank. As T 7Tn — > in the operator norm, is compact. □ 

Following [9] where the case w = 1 is considered, we say that J 7 is a A^-class if it is a 
translation invariant subspace of BC W (J, X) satisfying 

(5.2) if G BUC W (G,X) and 4>\j G T then </>t|j G J 7 for all t G G; 

(5.3) J 7 is a closed linear subspace of BUC W (J, X); 

(5.4) T is closed under multiplication by characters; 

(5.5) if w is unbounded, T ~3 C W) o(J, X). 

A A° -class J 7 is called a A w -dass if J 7 ~3 P W ( J, X). 

Note that if J 7 is a subspace of BC W (J, X) and G T, then ^ t = A t (j) + G i 7 ^, + J 7 by 
Lemma 4.4. This means that C J 7 implies (5.2). 

Note that for the case J = G, (5.2) just states that J- is translation invariant. In 
particular, G UIj o(G, X) is a A^-class. So too is C W: o(J, X) when G is R or Z and J is R + or 
Z + . Many examples of A^-classes for the case w = 1 are given in These include almost 
periodic, almost automorphic and absolutely recurrent functions. The class 0j, consisting 
of just the zero function from J to X, satisfies (5.2) only when J = G. From Proposition 
5.1 and Proposition 5.5 (a) we obtain: 

Proposition 5.7. If G is compactly generated or w is bounded, then AP W (G, X) is a 
A„,-class. 

We mention one other family of A^-classes. The partial ordering < , defined by s < 
t whenever t G s + J, makes J a directed set. So we may define F W {J,X) = {(ft G 
BUC W (J,X) : lira g| = 0}. If G = R or Z and J = R+ or Z+, then T W (J,X) = 



teJ 
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C w fi(J,X) but in general this is not the case. If G = H d or Z d and J = (R+) d or (Z + ) d , 
then F W {J,X) is a A° -class contained in every A^-class of functions from J to X. These 
spaces will be developed and used in a subsequent paper. 

Example 5.8. If G G {R, Z} we define 

(5.6) A = P N AP(G,X) = Ek=o tk ■ AP ( G > X ) 

= W ■ 0(t) = Ek= t k Mt) where Vfc G AP(G,X),t G G} 
Then the following properties are clear 

(5.7) A is a linear subspace of AP WN (G, X), translation invariant, closed under 
convolution with elements from (G, C), closed under multiplication 
by characters from G and dense in AP WN (G, X). 

In Proposition 6.3 we investigate harmonic analysis with respect to classes A = P^AP 
defined by (5.6). 

6. Spectral analysis 

Throughout this section we will assume that G is compactly generated and that J- is a 
translation invariant closed subspace of BC W (J, X) satisfying (5.2). 

Recall that for an ideal / of L^(G), the cospectrum of I is given by cosp(J) = {7 G G : 
7(7) = for all / G I}. Clearly, cosp I = cosp/, where / is the closure of / in L^(G). Since 
L^(G) is a Wiener algebra, its maximal ideals are the sets I a = {/ G L^G) : f(a) = 0} 
where a G G and its primary ideals are those whose cospectrum is a singleton. By Wiener's 
tauberian theorem, all (closed) primary ideals in L l (G) are maximal ([24]). This is not the 
case for general L^(G). For example, it is proved in [15, Theorem 3.4] that, for a weight of 
polynomial growth N, the primary ideals of L^(Z) are the sets Ik = {/ G ^i,(Z) : f^\l) = 
for < j < k} where < k < N. If g G L^(Z) and / = Af +l g for some t G Z then f(j) = 
(t(0 — 1) ff(7) showing / G Ik- The following theorem generalizes this result. For 
t = (ti,...,t m ) G G m we write A t g = A h ...A tm g. 

Theorem 6.1. Assume w has polynomial growth N and / is a closed ideal of L^(G) 
with cosp(J) = {1}. Then A t g G / for all g G L X W (G) and t G G N+1 . 

Proof. Consider the annihilator I = G L^{G) : <f> * f = for all / G /}, a closed 
translation invariant subspace of L^(G). If <fi G I 1 - and I w ((f)) = {/ G L^G) : <p * f = 0} 
then I w (4>) 5 -/"• This implies that cosp (I w (4>)) C cosp(I) = {1}. By [15, Theorem 3.4] or 
Theorem 6.6 below, G P W (G,C) and so A t = for all t G If 5 G L^(G) then 

* At (7 = At<ft * g = 0, showing A^ G J^ -1- . Since I^ 1 - = I the theorem is proved. □ 

Let <f> G BC W (G,X). The set = {/ G l4(G) : 4> * / = 0} is a closed ideal of L l w {G) 

and the Beurling spectrum of <p is defined to be sp w (4>) = cosp {I w {4>)). More generally, 
following [9, p. 20] , set Ijr(<p) = {/ G L l w {G) : (<p * f)\ j G J 7 }. By condition (5.2), 7^(0) is 
a closed translation invariant subspace of L^(G) and is therefore an ideal. We define the 
spectrum of <fi relative to F (respectively A) to be spjr{4>) = cosp (Ijr(</>)) (spj[((p) = cosp 
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Lemma 6.2. For each (ft G BUC W (G, X) there is a sequence of approximate units, that 
is a sequence (g n ) in L^G) such that (ft * g n — > (ft in BUC W (G, X). 

Proof. Since (ft is u>-uniformly continuous, there is a compact neighbourhood V n of in 
G such that [|0_ 8 - <AlL j00 < ^ for all s G V^. Choose g„ G C C (G) with supp(g n ) C F n , 
9n > and J G g n (s)d^(s) = 1. So # n G ^i,(G) and for each t G G, ||0*# n (*) -0(011 = 
J v [(ft(t -s)- (ft(t)]g n (s)dfi{s) < ±w(t) (see Theorem 33.12 in [M]). □ 

Proposition 6.3. (a) Let <f>,%/> G BC W (G,X). 

(i) spj:((ftt) = spjr{(ft) for all i G G; 

(ii) s^jr(0 * /) C spjr(0) n supp(/) for all / G L l w (G); 
(hi) spjr(0 + ift) Q spjr((ft) U spjr(ift); 

(iv) spj:{^(ft) = 7 + spjr((ft), provided J 7 is invariant under multiplication by 7 G G; 

(v) Let (ft> G BUC W {G, X). Then &| j G F for all t G G if and only if spj?(<j>) = 0; 

(vi) Let (ft G BUC W (G,X). If Af +1 c/> s |j G J 7 for all s,t G G then spjr(0) C {1}; and 
conversely if w has polynomial growth N. 

(b) Statements (i), (ii), (hi), (iv), (vi) are true when F is replaced by a class A defined 
by (5.6). We do not know whether or not statement (v) is true for classes A defined by 
(5.6), N G N. Instead, one has 

(v') Let (fteA, then spj_((ft) = 0. 

(v") If sp w ((ft>) is compact and spj^((ft) = 0, then (ft G A. 

Proof, (a) The arguments are the same as for the Beurling spectrum. See for example [28, 
part II, p. 988] or [53]. We present proofs for (v) and (vi). 

Firstly assume (ftt\j G F for all t G G. The map t 1— > (ftt\,j : G — > F is continuous and so, 
for each / G L^G) we have ((ft* f)\j = J G f(t)(ft-t\jdn(t) G F. So Ijr{(ft) = L\,(G) and 
spjr{4>) = 0- Conversely, if spjr((ft) = then ((ft t * f)\j G F for all t G G and / G 14(G). 
By Lemma 6.2, ^ has approximate units and so <^|j G J 7 . This proves (v). 

Now assume A? +1 (ft s \j G F for all s, i G G. If <? G L l w (G) then 
(0* Af +1 5 )U = J G5 ( s )(Af + V- s )U^(«) e 

and so Af +1 c/ G But (Af+^Jfr) = (t(*)- l) jV+1 ?(7) is zero for all t G G and g G 

L^(G) only when 7 = 1. So spjr(<ft) C {1}. Conversely, if sp-p((ft) C {1} then, by Theorem 
6.1, {Af +1 5 : 5 G Lj,(G),t G G} C 1^(0.) and so (Af+V, * <?)|j = * Af +1 5 )|j G JF. 
Taking approximate units we conclude A^ +1 <ft s \j G F. This proves (vi). 

(b) We only prove (v") as the other parts are similar to (a). Since spj^((ft) = 0, Ij$ is 
dense in L^(G). This implies that for each A G G there is / G lA(ft such that /(A) 7^ 0, 
/ > 0. Since sp w ((ft) is compact and is linear, one can construct F G such 
that F(\) > for all A G W, where W is a compact neighbourhood of sp WN ((ft). By 
Corollary p. 19 in [52], there is H G L^(G) such that fTH(X) = 1, A G W. This implies 
(ft = F*H*(fteA. □ 

Corollary 6.4. Assume u; has polynomial growth TV. If G BUC W (G,X), spjr((ft) Q {1} 
and 0| j G S° (J,X) then (ft\j G J 7 + C w q(J, X). If also 10 = 1, then 0|j G J 7 . 
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Proof. By Proposition 6.3(v) and (vi) , Af + V| J G ? for all t G J. By Lemma 4.4, A|0|j G 
£°(J,X) for < j < N and all t G J. Therefore we can apply the difference Theorem 4.12 
repeatedly to obtain the result. □ 

We denote by E' the set of accumulation points of a subset E of a topological space. 
Recall that such a set E is called perfect if E' = E and residual if it is closed and has 
no non-empty perfect subsets. Loomis [H] proved that if <f> G BUC(G,C) and is 
residual, then <fi G AP(G, C). Basit (see [43, pp.92, 97]) and Baskakov ([19]) proved the 
same result for X- valued functions provided cq <£_ X. Basit [9] proved that for certain 
classes T C BUC(J, X), where J G {R + ,R}, if sp-p{4>) is residual and r y~ 1 4>\j G E(J,X) 
for all 7 G sp-p(4>) then (j) £ J 7 . Some special cases of his results were proved by Ruess and 
Phong [SI]. Recently, Arendt and Batty [5] gave an operator theoretic proof for the case 
T = AP(R, X). We extend these results to unbounded functions as follows. (It will be seen 
in Example 7.13 that for general weights w the ergodicity condition in Theorem 6.5 cannot 
be replaced by cq <f_ X). 

Theorem 6.5. Assume w has polynomial growth. If G BUC W (G, X), then sp-p{4>) 
contains no isolated points whenever one of the following holds: 

(i) J 7 is a A° -class and 7 _1 </>|j G E^(J,X) for all 7 G spjr(4>); 

(ii) J 7 is a A^-class and 7~V|j G E W (J,X) for all 7 G spjr(4>). 
If also spjr((j)) is residual, then <f>\ j G T . 

Proof. Suppose 7 is an isolated point of spj:{4>). Let 7 -1 </>|j have u;-mean p\j where p G 
P W (G, X). Take an open neighbourhood U of 7 in G such that U n sp-p{4>) = {7}. Choose 
/ G L^G) such that 7(7) / and supp(/) C [7. Then sp-p((j)*f) C {7} and so spjr(7~ 1 (0* 
/)) ^ {1}. By Proposition 4.10, the restriction to J of 7 _1 (</> * f) = ("f (/)) * (7 _1 /) is io- 
ergodic with w-mean (p*7 _1 /)|j. By Corollary 6.4, (7~ 1 (</>*/) — (p*7 -1 /))|j G T. Hence 
(0 * /)l J S -T 7 which means 7 ^ spjr{4>). This is a contradiction and so sp-p(<p) contains 
no isolated points. A residual perfect set is empty and so Proposition 6.3(v) gives the final 
assertion. □ 

The following result was proved in Theorem 3.4 of [15] under a slightly stronger assump- 
tion than (2.4) and with X = C. The same proof is valid under the present assumptions. 
See also Proposition 0.5 of [51] . 

Theorem 6.6. Assume w has polynomial growth and (j) G BC W (G,X). Then sp w ((f>) = 
{71, 7n} if and only if (ft = Y^j=i JjPj f° r some non-zero pj G P W (G, X). 

Corollary 6.7. Assume w has polynomial growth, J 7 is a A^-class and <f> G BUC W (G, X). 
Then spj:(4>) C sp w {4>)' . 

Proof. Let 7 be an isolated point of sp w (cj)) or 7 G G \ sp w {<p). Then there is a compact 
neighbourhood V of 7 such that V D sp w ((f)) C {7}. Choose / G L^G) such that f(j) 7^ 
and supp(/) C V. Then sp w (<f>*f) C {7} and so, by Theorem 6.6, (0*/)| j G TP W (J, X) C J 7 . 
Hence 7 ^ spjr{4>) and so sp-p(4>) C sp w {4>)' . □ 
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Corollary 6.8. Assume w has polynomial growth and <j> G BUC W (G, X). If sp w {4>) is 
residual and 7 _1 G E W (G,X) for all 7 G sp w ((/))' , then G AP^G, A). 

Proof. By Proposition 5.7, J 7 = AP<„(G, X) is a A^-class. By Corollary 6.7, spjr((fi) C 
sp w (4>)' which is residual. But by Theorem 6.5, spjr(4>) has no isolated points and therefore 
is a perfect set. A residual perfect set is empty and so, by Proposition 6.3(v), <p G T . □ 

Since a discrete set is residual without limit points, we obtain the following result imme- 
diately For the case w = 1 see [H] and references therein. 

Corollary 6.9. Assume w has polynomial growth. If <j) G BUC W (G, X) and sp w {4>) is 
discrete, then <f> G AP W (G, X). 

The following two results will be used to establish w-ergodicity from a knowledge of 
spectra. We say that a function / G L^G) is of w-spectral synthesis with respect to a 
closed subset A of G if there is a sequence (/ n ) in L^G) converging to / and satisfying 
f n = on a neighbourhood f7 n of A. 

Theorem 6.10. If G BUC W (G,X) and 1 sp™(», then G £° (G, A). 

Proof. Take a compact neighbourhood V of in G with V n sp w {4>) = 0. Take / G L^G) 
with /(l) = 1 and supp (/) C V. Then sp w {4> * f) = so <j> * f = 0. Moreover, / is 
continuous. Given e > 0, choose a compact set AT in G such that J^^- w(t)dfi(t) < 
e/(l + 2||0|| oo ). For s G G define 5(5) = 0_ s )/(s). Hence J G g(s)dfx(s) = 4>-<P*f = (f>. 
Moreover, by Lemma 4.4, g(s) G A) and since <f> is w-uniformly continuous, by (2.8), 

g : G — > E%)(G,X) is continuous. Since K is compact, g\x is separably-valued and hence 
Bochner integrable. Therefore f K g(s)dfi(s) G E^{G,X). But \\<j) — f K g(s)dfj,(s)\\ < 
J G \ K g(s)dpi(s) < e and so G E^ a (G,X) as claimed. □ 

Finally we establish relationships between tf-spectral synthesis, minimal prime ideals 
and ergodicity. See [33J for G = R. For 7 G G, let J™ (7) denote the closed span of 
{ 7 A t /:/G Ai^tGG^ 1 }- 

For a closed subset A C G set 

I W (A) = {/ G Li(G) : 7( 7 ) = for all 7 G A}, 

R W (A) = the closure of {/ G I W (A) : supp / n A is residual }. 

S W (A) = the closure of {/ G L^G) : f is on a neighbourhood of A}, the space of 
functions in L^G) which are of tu-spectral synthesis with respect to A, 

One can verify 

S W {A) c R W (A) c I W (A). 

Theorem 6.11. Suppose w has polynomial growth of order N and 7 G G. 

(a) Jwil) is the minimal closed ideal of L^iG) with cospectrum {7}. 

(b) S w (j) = J w (7). 
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Proof, (a) Since (7 At/) * g = 7A t (/ * 7~ 1 g), J w {l) is a closed ideal. Minimality follows 
from Theorem 6.1. 

(b) Since J w (l) = jJ w (l) and S w (-y) = 75 TO (1), it suffices to prove S w (l) = J W {1). For 
k G Z+, let denote the closed span of {A t / : / G L^G), t G G k }. For g G L\,{G) 
satisfying g(l) = 1, let L 9 be the operator on L^(G) defined by L g f = f — f * g = 
— f G (A- s f)g(s)dfi(s). The integral is an absolutely convergent Bochner integral and so L g 
maps into J^ +1 . Now take any / G L^(G) with / = on a neighbourhood U of 1. 
Choose g G Lj,(G) with g(l) = 1 and supp(£) C U. So / = + 1 / G J^ +1 = J w (l). Hence, 
5m,(1) C J w (1). But S w (l) is an ideal with cospectrum {1} and so by (a), S w (l) = J w (l). □ 

Corollary 6.12. If / G J w (i) for some 7 G G and <p G BUC W (G,X), then 7~ 1 ((/>* /) G 
^(G,X). 

Proof. Let /i = 7A t <? where t £ G and <? G L^(G). By Lemma 4.4, 7~ 1 (<^> * h) = A^ -1 ^ * 
5) G ^(G, -X"). Since / is in the closed linear span of such functions h and E^(G,X) is 
complete, the result follows. □ 

Corollary 6.13. If / G Li^iG) is of u>-spectral synthesis with respect to a closed subset 
A of G, then 7 - 1 (0* /) G E%{G,X) for all 7 G A and <f> G BUC W (G, X). 

Proof. Choose a sequence (/ n ) in L^(G) converging to / and satisfying / n = on a 
neighbourhood U n of A. For 7 G A we have 7 ~ 1 (</> * f n ) = {l~ 1( t>) * (7 _1 /n) and so 
sp™(7 -1 (0* /n)) C supp(7~ 1 /n)- Also (7 _1 /n)("r) = fniir) and so 1 £ supp(7~ 1 /n)- By 
Theorem 6.10, 7" 1 (0* /„) G £°(G,X). Hence 7~ 1 (<^* /) G *&{G,X) for all 7 G A. □ 



7. Derivatives and indefinite integrals 

Throughout this section we assume that J G {R + ,R, Z + ,Z} and T = T(J,X) C 
BUC W (J, X) satisfying (5.2), (5.3) and (5.5). Examples of such classes are C w> o(J,X), 
AP W (G, X) with G G {R, Z} and if w has polynomial growth BUC W (J, X) n E W (J, X). 

Proposition 7.1. Let J G {R + ,R}. 

(a) Let u> have polynomial growth. If <f> G SG tu (R, X) and sp w (4>) is compact, then 
G BUC W (&, X) for all j > 0. 

(b) If <fi G J 7 and 0' is u>-uniformly continuous, then (/>' G J 7 . 

(c) If (j) G BC W (J, X) and is ^-uniformly continuous, then 0' G E^(J, X)nBU C W (J, X). 

(d) If 0,0' G BC W (K,X) then s^(^) C s Pw (<f>) C sp w (^) U {1}. 

Proof, (a) Choose / G <S(R), the Schwartz space of rapidly decreasing functions, such that 
/ has compact support and is 1 on a neighbourhood of sp w (<f>). Then /(•?) G L^(R) for all 
j > 0. Moreover, = <p * f and so <j>W = <p * f^ for all j > 0. Hence G St/G^fR, X). 

(b) If ^ n = nAi/ n (p then G Moreover, by the w-uniform continuity of <f>', given 
e > there exists n e such that ||^Vi(t) — II = n fo^i&'tt + s ) — (f>'(t))ds < ew(t) for 
all £ G J and n > n e . Hence <p' G J 7 . 

(c) With the notation of the proof of (b), ip n G E%{J, X) n BUC W (J, X) by Lemma 4.4. 
Hence, so does 4>'. 
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(d) For any / G L^(R) we have (0 * /)' = 0' * / and so I w ((f) f ) 5 I w (4>)- Hence, 
spw(4>') Q sPw{4>)- F° r the second inclusion, let c = sup 0<s<1 u?(s). By Proposition 2.2, 
su Pn<t<«+i w (t) < cto(n) < ce n for all n sufficiently large. Hence, if g(t) = exp(— t 2 ) 
then g,g' G L^(R). Now take 7 G R \ {sp w {^)') U {1}). So 7 (t) = e ist for some s / 0. 
Choose / G Li,(R) such that 0' * f = but 7(7) 7^ 0. Let Let h = f * g'. Then 
* /t = <j) * f * g' = 4>' * f * g = whereas h(-y) = 25/(7)5(7) / 0. So 7 ^ sp w (4>') 
showing sp w (4>) C sp w ((f)') U {1}. □ 

Proposition 7.2. (a) If J G {R + ,R}, G T(J,X) and P0 is w-ergodic with u>-mean 
p, then P0-p G F(J,X). 

(b) If J G {Z + ,Z}, G ^(JjX) and 50 is u>-ergodic with w-mean p, then 50 — p G 
F{J,X). 

Proof, (a) We may assume that G BUC W (R, X). For t G R set xt = X[-t,o] if i > and 
Xt = -X[o,-t] if * < 0. Then A t P0 = * X t = Jr <t>-sXt{s)ds. Since G BUC W {R,X) the 
integral converges as a Lebesgue-Bochner integral and therefore by (5,2), (5.3) A t P(j) G T . 
The result follows from the difference Theorem 4.12 and (5.5). 

(b) Note that A x 50 = G -F(J, A) and therefore by (5,2), (5.3) A fc 50 G F{J,X) for 
each A? G J. The result follows from the difference Theorem 4.12 and (5.5). □ 

Proposition 7.3. (a) If G T = AP W (R, X) and P0 G BUC W (R,X), then spj-(P0) C 
{I}- 

(b) If G J" = AP W (Z, X) and 50 G BUC W (Z, X), then spjr(50) C {1}. 

Proof, (a) Let s,i G R. With Xs as in the previous proof, (A s P0) t = 4>t * Xs and by 
Proposition 5.6, (A s P0) t G J 7 . By Proposition 6.3(vi), sp-p{P(j)) C {1}. 

(b) This case follows similarly as A&50 G J 7 for all A; G Z. □ 

Remark 7.4. For general weights w the ergodicity condition in Theorem 7.5 cannot 
be replaced by c £ X. Indeed, let G = R, t«(t) = 1 + |t| and 0(t) = tcOB ^ {t) ■ So G 
C Wi0 (R,C) C J" = AP W (R,C) and P0(t) = ^[coslog w(t) + sinlog «;(*)] -sinlogu>(t) - ±. 
So P0 G BUC W (R,C). By Proposition 7.3, spjr{P<j)) C {1} and so spj-(P0) is residual. 
However, P0 £ AP W (R,C). Indeed, P0 £ ^(^C). For if G £°(R,C) for some 

constant c, then because (^*| R+ )' = J^)| R+ G C (R+,C) it would follow 

from Theorem 4.12 that ^^|r + G C (R+,C). 
See also Example 7.13. 

As before we will take w m (t) = (1 + |t|) m for m G N. 

Theorem 7.5. Assume G AP W (R, X) respectively G AP W (Z,X) has w-mean p. 
Then P m (0 - p) G CU, m , (R, X) respectively P m (0 — p) G C WWmi0 (Z, X) for each m G N. 

Proof. The assumptions imply — p G i 7 ^ (R, X) respectively — p G I?°(Z,X). The result 
follows from Theorem 4.14. □ 

Lemma 7.6. Let J G {Z + ,Z,R + ,R}. For natural numbers m,N and non-negative 
integers j, k set a(m,j) = ( h' ())('" /• ').,!. 
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(a) S m (t N (f)) = J2f=o a(rn, j) t N ^S m+ ^ + £f =1 t N ~j £fco c(m, ft, j) 5 m+fe for some 
choice of c(m,k,j), < ft < j < N, any G X J , J G {Z + ,Z}. 

(b) P m {t N 4>) = E?=o<™J)t N - jpm+j <t> for any G L[ oc (J,X), J G {R+,R}. 

I AT J {N+k)\ II TO S ft 

if/c + l<m</c + iV. 

Proof, (a) For iV = the claim is trivial and for iV = 1 one can prove by induction on to 
that 5 m (i0) = tS m <j) — m(S m+1 (t))i. The general case is then proved by induction on N 
using S m (t N+1 4>) = tS m t N <p - m(S m+1 t N 0)i. 

(b) Follows similarly as in (a) using P instead of 5. 

(c) For to > k + 1 we have 

-r^JV a(m,j) _ (_-i\j(N\ (m-l+j\ jl _ 1 y^N (_-\\j(N\ (m-l+j)! 

^i=0 (j+k)\ ~ 2^j=0\ ^ IjJl j ) (j+k)l ~ (m-l)\ 2^j=0\ 1 ) \j) (k+j)\ 

= (^T)yEf=o(-l) J '(7) ^^Ih 

= I^T]T^ m ~"" 1 ^(l-iflw- 
For m — ft — 1 < AT this last expression is and for to — ft — 1 > AMt is 

1 (m-k-l\ ( nm -k-l-N +m-l\ nNn +\N\ _ 1 (m-k-l\ (m-l)\ , -,\N t\t\ 

as claimed. 

For to < ft the claim follows readily by substituting 0(i) = t k ~ m in (b). 

□ 

Our main result is the following: 

Theorem 7.7. Assume G AP(Z,X) and Y<f=o b j tN ~ j sJ+1 <t> G BUC WN {Z,X) for 
some 6j G C, &o / 0. 

(a) 50 G BUC{Z, X) and if J2f=o rJ+IJT + then M( t> = °- 

(b) If c £ X then 5(0 - M<f>) G AP(Z, X). 

Proof. Let a = M0 and ij> = J2?=o b i t N ~ j S^ +1 (j). Then V = Ejlo b i t N ~ j S j+1 {<j> - a) + 
* Ar+1(2 EjLo (j+i)T + or ' wnere r e -fW(Z,R). By Theorem 7.5 and the assumption, V — 
Ef =0 &j t N -iSi +1 (<l> - a) = t N+1 a £f =0 ^ + ar G C Wjv+1 , (Z, X) and so either a = or 
Ej^o (T+Tj! = ^° P rove * ne res t °f the theorem, we may assume a = 0. By Theorem 
7.5, Si(j)(t)/wj(t) — >• as t — > oo, 1 < j < N. Since is almost periodic we may choose 
(t n ) C Z such that t n — > oo and tn — )■ uniformly on Z. Moreover, as M0 = 0, by 
Theorem 7.5, S j 4>(s + t n )/ Wj {s + t n ) -> 0, s G Z, 1 < j < N. Given x* G AT*, it follows that 
x* o 50t n — > x* o 50 locally uniformly. Moreover, by passing to a subsequence if necessary, 
we may assume x* o i/j(t n )/wN(t n ) — > b for some 6 G C. By Theorem 7.5 again, we obtain 

N t n -l t-1 

j=0 s=0 s=0 

Therefore x* o ip(t + t n )/wN(t + i n ) — > b + 6o^* ° 50(t) for each t G Z. Hence, since i/j/wn 
is bounded, so too is x* o 50. Since x* is arbitrary, 50 is weakly bounded and therefore 
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bounded. Since Ai5<£ = <p G AP(Z,X), it follows A k S<p G AP(Z,X), for k G Z. So 
if Co ^ X then by a generalization of Kadet's Theorem [Sj (see also [38])) is almost 
periodic. 

□ 

Corollary 7.8. Assume 4> G AP(Z,X) and S m (t N (f>) G BUC WN (Z,X) for some m G N. 

(a) S<p, S 2 (t), • • • , S m <p G BUC{Z, X) and = 0, AfSty = 0, • • • , MS m ~ V = 0. 

(b) If c £ X then 50, S 2 </>, • • • , S"> G AP(Z, X). 

Proo/. Since S m - x t N (j> = (S m t N ' <f>) x - S m t N (f> we conclude S m - l t N <j) G BUC Wn (Z,X); in 
the same way SH N <p G BUC WN (Z, X) for all j = 1, • • • , m. We prove the statement by 
induction on m. 

Case m = 1. By Lemma 7.6 (a), 

s(^) = Ef= o(i, j) + Ef=i ^ Ei= fc, j) 

Since is bounded, E^i * N ~ J 'Ei=o c (!> k J) S 1+k (<f> - M</>) G BUC WN {Z,X). It follows 
from the assumptions Ej=o a 0->j) t N ~i S 1+ j (/) G BUC WN (Z, X). So, by Theorem 7.7, S<fi G 
BUC(Z,X). By Lemma 7.6 (c), Ej=o + !) ! / and hence 

again by Theorem 

7.7, M<j) = and S(/) G AP(Z, X). 

Now assume that the statement is true for the case m— 1 and let S m (t N (p) G C^^Z, X). 
It follows G BUC(Z,X). By Lemma 7.6 (a), 

S™- 1 ^) = Ef=o«(^- l,i)^-^ m ~ 1+ ^ + Ef=i Ei= c(m- 1,*;, j)S m ~ 1+ V 
for some choice of c(m — 1, fe, j), < < j < A?", any (j) G X" 7 , J G {Z + , Z}. Hence 

S m (t N <f>) = S'(S' m - 1 (t JV 0)) = a(m- 1,0) 

Ef=i o(m - l,i) S(t»SS*[S<»- V]) + Ef=i Ei= c (™ " 1» M S k [S m ^}). 

Since S™- 1 ^ G BUC(Z,X), it follows 
Ef=i <m - l,i) V]), 

Ef=i ^'EtS^- l,fc,j)5 fc [^-V]) e BUC^faX). 
Hence S^S™" 1 ^) 6 BUC WN {Z,X). Applying the case m = 1 to %f> = S m "V, one gets 
Sip G BUC(Z,X), M?P = and if c ^ AT, G AP(Z, X). This completes the proof of 
the corollary. 

□ 

Theorem 7.9. Let ij> G SC/C^ (R, X). Set /t n = l/2 n . 

(a) If tp\Zh n G AP Wl (Zh n ,X) for all n G N then ^ G AP Wl (R,X). 

(b) If ^>ft|Z G AP Wl (Z, X) for all < h < 1 then V G AP Wl (R, X). 

Proo/. (a) Since ^ G PC/C Wl (R, X), ^ G P*7C(R, AT). So for each e > there is n = n(e) 
such that the range of ^-|Z/i n is an e-net for the range of As tp\Zh n G AP Wl (Zh n ,X), 
the range of ^\Zh n is relatively compact by Proposition 5.1. It follows that the range of ^ 
is relatively compact. By Proposition 5.5 (c), tp\Zh n = f n + tg n , where f n G C wl fi(Zh n , X) 
and g n G AP(Zh n , X). Choose s n G Zh n such that \\g™ n — g n \\oo < l/ re and s n -> oo as 
n — > oo. It follows 1 1 5" — g n \\oo as n — > 00. By the Arzela-Ascoli theorem we can 
assume (-^) Sk converges to some F G BUC(R, X) uniformly on each bounded interval of 
R. Since Zh n C Zh n+ \ and by Proposition 5.5 (c), g n+1 extends g n for all n G N, it follows 
(<7s fc ~~ 9 fc )l = SsJ ~~ 5 n f° r an k>n. This implies Z/i„ - g n \ |oo — ► as k — > 00 
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for all n G N. Hence (^-) Sfc | Zh n = ( ^ g ) Sk I Z/i n converges pointwise to F\Zh n = g n 
and so F\Zh n G AP(Z/i n , A) for all n G N. As F G PPC(R,A), for each e > 0, one 
can choose (5 > such that ||F — P^Hoo < £ for all \h\ < 5. Choose h n < 5. Then each 
e-period r of g n is a 3e-period for F. Moreover, r + /i is a 4e-period for F, < 5 . This 
gives F G AP(R, A). Since - tF) \Zh n G C Wlfi {Zh n , X) and G PPC(R, A), we 

conclude (ijj — tF) G C Wli o(R, A). This proves ^ G AP Wl (R, X) by Proposition 5.5 (c). 

(b) By Proposition 5.5 (c), ^ kh JZ = f k + tg k , where / fc G C wlfi {Z,X), g k G AP(Z, A) 
and k = 0, 1, ■ ■ ■ , 2 n - 1. It follows 

F(e,n) = {r G Z : || 5 fc (m + r) -# fe (m)|| < e, A; = 0, 1, • • • , 2 n - 1, m G Z} 
is relatively dense in Z and therefore in Zh n = U^Jq^Z + kh n ] for each e > 0. Define 
5 : Z/i n ->■ A" by 

g{t) = g k (t - kh n ) if t G Z + /c/i n , fc = 0, 1, ■ ■ ■ , 2 n - 1. 
Thus ||s(f + r) - = \\g k {t - kh n + r) - <? fc (t - kh n )\\ < e, r G F(e,n), t G Z/i n . It 

follows g G AP(Zh n ,X). But (V> — tg)(m + M n ) = f k (m) — kh n g k (m) so tp\,Zh n — tg G 
C Wlt o(Zh n , X). By Proposition 5.5 (c), ip\Zh n G AP Wl (Zh n , X). Since n is arbitrary, (b) 
follows from (a). □ 

Theorem 7.10. Let V G BUC W1 (Z,X). 

(a) If AiV> G AP(Z, A) then ^ G AP Wl (Z, A). 

(b) If AiV> G AP(Z, A) + tAP(Z, A) then if, G AP^ (Z, A) provided c £ A. 

Proo/. (a) Let = f with / G AP(Z, A). Then ip = ip(0) + Sf. By Theorem 7.5, 

S(f - Mf) G C Wlj o(Z, X) and hence Sf G AP^Z, A), by Proposition 5.5. 

(b) Let AiV> = f + tg with f,g€ AP(Z, A). Then ^ = V>(0) + 5/ + 5(t^). By (a), 
5/ G AP Wl (Z,X). This and the assumptions imply 5(i<?) G B Wl (Z,X). So, by Corollary 
7.8, Sg G AP(Z, A). Therefore S(tg) = tSg- S 2 g G AP Wl (Z, A), by Theorem 7.5 and 
Proposition 5.5 (c). It follows ip G AP Wl (Z,X). □ 

Corollary 7.11. Let ip G BUC Wl (R, A). 

(a) If G AP(R, A) then V G AP Wl (R, A). 

(b) If AiV> G AP(R, A) + i AP(R, X) then ^ G AP Wl (R, A) provided c £ A. 

Proo/. (a) Let AiV> = /• It follows Ai(^|Z) = / t | Z) G AP(Z, A), < t < 1. By Theorem 
7.10 (a), Vt|Z € AP^^A), < t < 1 and by Theorem 7.9 (b), ip G AP^^A). 

(b) Follows similarly as in (a). □ 

Corollary 7.12. 

(a) If ^ G AP(R,A), then P<\> G AP Wl (R,X). 

(b) If G AP(R,X) and P(t(p) G BUC Wl {R,X), then P(^) G AP Wl (R, A) provided 
c £ A. 

(c) If G t • AP(R, A) + AP(R,X) and P</> G PPC Wl (R, A), then P0 G AP TOl (R, A) 
provided cq <jt X. 

Proof, (a) Clearly P(j) G PPC TOl (R, A) and AiP0 G AP(R, A), therefore P(p G AP Wl (R, A) 
by Corollary 7.11 (a). 
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(b) Follows from Corollary 7.11 (b) since AiP(i0) = t Jg 1 </»(• + s) ds + /J s0(- + s) ds G 
AP(R,X) +t AP(R,X). 

(c) Let = / + where f,g€. AP(R, X). Then P<j> = Pf + P(tg). By Corollary 7.11 
(a), P/ G ^1P W1 (R,X). The assumptions imply P(i#) G BUC W1 (R, X) and therefore (b) 
implies P(tg) G AP Wl (R, X). It follows P<t> G AP Wl (R, X). □ 

The following shows that the condition <\> G P\AP = t-AP(K, X)+AP(R, X) of Corollary 
7.12 (c) can not be replaced by G AP Wl (R, X). Also Theorem 6.5 does not hold without 
the conditions 7 _1 0| J G E W (J,X), even for the case (p G BUC W1 (R, R), sp wi ((f)) is residual 
and spap w1 (</>) C sppjAP^) = {0}. It also provides counter examples showing that the 
assumption spj^{(f)) = of Proposition 6.3 (b). 

Example 7.13. Let ip{t) = Y%L\ k~^ 3 cos(t k" 1 / 3 ), t G R. Then 

(i) V G AP(R,R), P 2 V> G BUC W1 {R,R) but Pij; AP(R,R) and P 2 V> AP m (R,R). 

(ii) sp(^) = (Ar 1 ^)^ U {0} = sp Wl (P?P) = sp Wl {P 2 i>). 

(iii) spp lA p{Pip) = sp PlA p{P 2 ^) = {0}. 

Proof, (i) That ^ G AP(R, R) is clear since the series 

Y%Li fc~ 4/3 cos(t AT 1 / 3 ) is absolutely 
convergent. OnehasP^ = Efeli Ar 1 sin(t Ar 1 / 3 ) and P 2 ^ = Efcli 2 fc ~ 2/3 sin 2 (l/2)(t Ar 1 / 3 ) 
Using the inequalities | sinyj < 1 for y G R, (2/7r) |y| < | siny| < \y\ for \y\ < ir/2 and simple 
calculations, one has 

(7.1) 6t 2 (^(|t| 3 + ^ 3 )^/3) < (2t 2 /7r 2 )E fc >| t |3 /7r a fc" 4 / 3 < P 2 V(i) < 9(l + |t|). 
This implies P 2 ip G BUC Wl (H, R). If P?/> G AP(R, R), then its Fourier series is as above 
and so MPip = 0. Therefore by Theorem 5.5 (c), P 2 ip G C J1)li0 (R,R)- This contradicts 
(7.1) and proves Pi/j G" AP(R, R). 

If P 2 V> G AP Wl (R, R), by Proposition 5.5 (e), there is a G R such that (P 2 ip - ta)/w\ G 
C (R,R). This also contradicts (7.1) proving P 2 V> AP W1 (R,R). 

(ii) This follows by [15, Proposition 1.1 and Remark 1.2]. 

(iii) As in [15, Proposition 1.1 (a), (b) and Theorem 3.4] using Proposition 6.3 (b), one 
gets spp 1 Ap(Pip), spp 1 Ap(P 2 ip) C {0} and therefore (iii) follows from (i). □ 

8. A generalized evolution equation 

In this section we consider a general equation of which some recurrence, evolution and 
convolution equations will be seen to be special cases in subsequent sections. We will assume 
that T is a translation invariant closed subspace of BUC W (J,X) satisfying (5.2). We study 
the equation 

(8.1) (B<f>)(t) = A(f>(t) + il){t) for t G G 

under the assumptions 

(8.2) A : X — > X is a closed linear operator with resolvent set p{A) non-empty and 
domain D(A) dense in X. 

(8.3) B : D(B) -»• C(G, X) is a linear operator with TP(G, X) C D{B) C BUC W {G, X). 
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(8.4) Let (<f> n ) be any bounded sequence in D(B) such that (B<f) n ) is a bounded sequence in 
BC W (G, X). If 4> n — > and _B0„ — > tp uniformly on compact sets for some G BU C W (G, X), 
then 4> G D(B) and B(f> = i>. 

(8.5) B(jx) = 6b{i)ix for each x G X, 7 G G and some continuous function #b : G — > C. 

(8.6) £(0 * /) = (50) * / for all G D(B) and all / G Lj,(G) with supp(/) compact. 

(8.7) If £ G D(B) and spw(£) C Vi where 7i C l/ 2 and Vi, V2 are relatively compact open 
subsets of G, then there exists 7r n G TP(G,X) such that 7r ra (G) C -D(A), sp w (ir n ) C V2, 
7Tn(i) ~~ ^ CW) Bir n {t) — > B£(t) uniformly on compact subsets of G, and sup n (||7r n || w ^ + 
ll B7r nlL ;00 ) < 00. 

(8.8) There is a closed subspace Y of -L(X) containing all the resolvent operators of A 
such that if G J- and CsY then G o G J 7 . 

(8.9) For each 70 G 0~j 3 l (p(A)) there is a compact neighbourhood V of 70 and a function 
h G Li(G,Y) such that V C e^{p{A)) and £(7) = (0 B ( 7 ) - A)' 1 for 7 G V. 

(8.10) If G D(B), sp w (4>) is compact and 0|j G T then .B0|j G T . 

We will refer to 9 b as the characteristic function ot B. In most of our applications we 
will have Y = L(X). However, for Corollary 12.4 it is necessary to have more general Y. 

Lemma 8.1 

(a) If A satisfies (8.2), then A o (0 * f) = (A o 0) * / for all G BUC W (G,X) with 
0(G) C D(A) and all / G L^G) with supp(/) compact. 

(b) If B satisfies (8.3) and (8.5), then B(R o vr) = R o (5vr) for all 5 G L(X) and 
7T G TP(G,X). 

(c) If B satisfies (8.3), (8.4), (8.5) and (8.7), then B(R o£) = Ro (£?£) for all 5 G L(X) 
and £ G D(B) with sp TO (£) compact. 

(d) If F satisfies (8.8), G BUC W {G,X), <f>\j G J 7 and h G L^(G, F), then (/i*0)|j G J 7 . 

(e) If G BC W (G,X), 0|j G J 7 and G G Y, then sp^C o 0) C sp w (0). 

Proo/. (a) Let A G p{A) and set R = (A - A) -1 . If G BUC W {G,X) with 0(G) C L>(A), 
f G G and / G L^G), then 

Ro Ao {(f) * f){t) = Ro A J G 4>{t — s)f{s)dp{s) = J G R o A0(i - s)f(s)dp{s) 
= RJ G A<f>(t - s)f(s)d f i(s) = Ro ((A o 0) * /)(*) 
from which the result follows. 

(b) If 7r = 7X, where 7 G G and x G X, then B(i? o tt) = B{^Rx) = Q B (l)Rx = 
R(9b( , j)x) = Ro {Bit). The result follows by linearity. 

(c) Choose Vi, V2 and ir n as in (8.7). Then R o 7r n — >■ i? o £ and, by (b), P(i? o 7r n ) = R o 
(Pvr n ) -»• ito(Bf) uniformly on compact sets. By (8.4), Po£ g andP(Po£) = Ro(B£). 

(d) By a theorem of Bochner ([57, p. 133] ) there is a sequence of step functions (h n ) 
converging to h in -L^(G, Y). Hence, h n * <p — > h * in BUC W (G, Y). By (5.2), 0- s |j G J 7 
for each s G G and so by (8.8), (h n * 0)|j G T . Hence, (h * 0)| j G T . 

(e) For each / G B X W (G) we have (G o 0) * / = G o (0 * /). Hence, i" TO (G 0) 5 Iw(<i>) and 
so sp w (G o 0) c sp w (4>). □ 
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Lemma 8.2. If k G L] V (G,L(X)) and (ry n ) is a bounded sequence in BUC W (G,X) 
converging to rj uniformly on compact subsets of G, then k * rj n — > k * rj uniformly on 
compact subsets. 

Proof. Let U be a symmetric compact neighbourhood of in G. Given e > choose 
a compact symmetric set Kq C G such that Jq\^ q \\k(s)\\ w(s)dfi(s) < ^ where c\ = 
(1 + sup n (||r7 n || Ji;i00 + \\v\\ w ,oc)) su PseU w ( s )- Let K = U + K and choose n £ such that 
||?? ra (s) — r](s)\\ < ^ for all n > n £ and all s G K where C2 = 1 + H^H^ 1 . For i G U and 
n > n £ we have 

|| A; * - fc * r](t)\\ < Jq \\k(t - s)\\ \\ri n (s) - r,{s)\\ dfi(s) 

< Sg\k - s)\\ w(s) Cl dfi(s) + f K \\k(t - s)\\ ^w(t - s)dfi(s) 

^ fa\(t+K) ll fc ( a )ll w ^ - s)cidfi{s) + \\k\\ Wjl ^ 

^ Ig\k \\ k ( s )W w{ t - s)cidii(s) + f 

< e. 

Hence k *rf n — >■ k *r] uniformly on U and therefore on each compact subset of G. □ 

Theorem 8.3. Suppose 0,V> G BUC W (G,X), conditions (8.2)-(8.10) hold and = 
A o + V>. If VI J G then spj-(^) C fl^VO 4 ))- 

Proof. Let A G p(A) n 0b (G) and choose 70 G G with 9 B (70) = A . Write R = (63(70) - 
A)' 1 , let P 5 (A ) = {A G C : |A - A | < 5} and choose 5 > such that J B 5 (A )ncr(A) = 0. By 
(8.9) there is a relatively compact open neighborhood V of 70 and a function /i G L^(G, Y) 
such that V C ^(pO 4 )) and ^(7) = (63(1) - A)' 1 for 7 € V. Set V$ = V n ^(P^Ao)) 
for j = 1, 2, 3, 4. Choose / G L\,(G) with /( 7o ) = 1 and supp(/) C Vy and set £ = (f) * f. It 
suffices to prove £|j G J 7 , for then / G Ijr(4>) and so 70 ^ sp-p(4>). 

Note that, by Lemma 8.1(a) and (8.6), we have P£ — Ao £ = ip * f. Choose g G L^(G) 
with <7 = 1 on V3 and supp(g) C V4. Setting k = g*h gives A; (7) = 5(7) (6*5(7) — A)" 1 . Next, 
sPw(0 Q supp(/) C and so we can choose ir n as in (8.8). Set % = B(Ro-K n ) — Ao(Roir n ) 
and note that (%) is a bounded sequence in BUC W (G, X). Now for 7 G V2 and x G -D(A) 
we have A: * (B(jx) — Ao (7s)) = (A;* 7) o (63(7) — A)x = k(j) o (63(7) — A)jx = 72:. Hence, 
k * rj n = R o vr n . 

Since P and AoP are continuous operators and by Lemma 8.1(b), rj n — > Ro(B£ — Ao£) = 
Ro(ip*f ) = (Roip)*f and k*i] n — > Po£ uniformly on compact subsets of G. By Lemma 7.2, 
k*i] n — > k*(Ro(i[)*f)) pointwise on G and so Po£ = k*(Ro%Jj)*f . By Proposition 8.3(v),(ii) 
(ip*f)\j G T and so, by (8.8), ((Po^)*/)|j G T . By Lemma 8.1(d), (At* (Ro ip) * f)\j G J 7 , 
that is (Ro£)\j G J 7 . By Lemma 8.1(e), sp w (Ro£) is compact. By Lemma 8.1(c) and (8.10), 
(R o (B0)\j = B(R o 0| j G T , so (A o R o = o 0\ J ~ (R ° V * € T. Hence, 
CI J = ^b(7o)(^ o 01 J - (A o R o £)| j G F, as required. □ 



and A has matrix representation 



Let T G {AP WJV (R,C 2 ), C 1UJV>0 (R,C 2 ), 



Example 8.4. Consider the equation Bcj) = Acxp+ip, where : R — > C 2 , B<p = <p"+2i(j)'- 

2 -6 

Or} and w N (t) = (1 + ItD^.This is a special case of the equations studied in section 9, 
where it is shown that (8.1)-(8.9) hold. The general solution of the homogeneous equation 
B£ = Ao£ is £ = (2ci + c 2 7i + 2c 3 7_2 + c 4 7_3,ci + c 2 7i + c 3 7_2 + C47_ 3 ) where 7 s (i) = e lst . 



POLYNOMIAL ERGODICITY AND ASYMPTOTIC BEHAVIOUR OF UNBOUNDED SOLUTIONS 31 

Moreover, 9 B 1 (a(A)) = {70,71,7-2,7-3} and so sp w (£) C 9 B 1 (a(A)). That this holds more 
generally is shown in Corollary 8.5. Now let <p be any solution of Bcj) = A o cj) + ip, with 
say ip(t) = (t,0). Then sp w (^) n 9 B ~ 1 (a(A)) = {70} and <fi contains a quadratic term. Hence 
<f> G* C™ 2 ,o(R, C 2 ) U AP W1 (R, C 2 ) whereas £, V G C7 W2 , (R, C 2 ) n ^P m (R, C 2 ). 

Motivated by examples such as this last one, we refer to 9 B ~ 1 (a(A)) as the resonance set 
of (8.1) and consider classes T satisfying 

(8.11) £|j G J 7 for all solutions £ G BUC W (G, X) of the homogeneous equation 5^ = Ao£. 

We say that G BUC W (G, X) is a resonance solution of (8.1) for the class T if (8.11) 
holds, ^| j G J 7 and satisfies (8.1), but <p\j T . Corollary 8.5(c) shows that if conditions 
(8.2)-(8.10) hold and sp w (ip) n 9 B 1 (a(A)) = 0, then there are no resonance solutions for any 
class T . 

Corollary 8.5. Suppose conditions (8.2)-(8.10) hold, (f>,ip € BUC W (G,X) and B(j) = 
Ao<p + ip. 

(a) If ip = 0, then sp w (<p) C 9 B l {a{A)). 

(b) If (8.11) holds, then spjr(<f>) C sp^VO- 

(c) If (8.11) holds, sp w {ip) n 6 B l {cr{A)) = and € T, then </>|j G T . 

(d) If ^ 1 (a(A)) is residual, J 7 is a A° -class, 7"V|j G E®(J,X) for all 7 G spjr(<j)) and 
V>|j G J 7 , then 0|j G T . 

(e) If ^ 1 (cr( J 4)) is residual, J 7 is a A^-class, 7~V|j G E W (J,X) for all 7 G spj:(<f>) and 
V>|j G J 7 , then 0|j G J 7 . 

(f) If 8 B 1 (a(A)) n sp w (<f>Y is empty, J 7 is a A^-class and ip\j G J 7 , then 0| j G J 7 . 

Proof, (a) Conditions (8.8) and (8.10) are trivial when J = G and J 7 = {0}. So we can 
apply Theorem 8.3 to get sp w (<f>) = sp^(<f>) C ^ 1 (<t(A)). 

(b) For 7 G G \ sp w {ip) there exists / G L^G) such that 7(7) / 0, / has compact 
support and ^ * / = 0. By Lemma 8.1(a) and (8.6), £ = 4> * f satisfies B£ = A o £. Hence 
£|j G T and so 7 ^ spj?{4>). Thus spjr((j)) C sp w (ip). 

(c) By Theorem 8.3 and (b), sp F {<p)) C 6> B V(^)) n spu,^) = 0- By Proposition 6.3 
(a)(v), 0|jG J". 

(d) ,(e) By Theorem 8.3, spjr(<p) C 6> i? 1 (cr(yl)) which is residual. By Theorem 6.5, </>[ j G J 7 . 
(f) By Theorem 8.3 and Corollary 6.7, spjr(^) C 0^ 1 ((t(A)) D sp w (<f>)' which is empty. 

By Proposition 6.3 (a)(v), <p\j G J 7 . □ 

We record here a useful theorem for studying almost periodic functions. Cases (a),(c) for 
G = R appear in [43, p. 92, Theorem 4], [54, Theorem 5.2] and [5, Theorem 4.3]. Case (b) 
for G = R is in [9, Theorem 4.2.6]. 

Proposition 8.6. Suppose 4> G BUC(G, X), T = AP(G,X) and spj:{(f>) is residual. 
Then <p G AP(G, X) provided one of the following conditions is satisfied. 

(a) c £ X; 

(b) 7 ~V G E(G, X) for all 7 G G; 
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(c) 4>{G) is relatively weakly compact. 

Corollary 8.7. Suppose w has polynomial growth and G is compactly generated. 
Suppose conditions (8.2)-(8.10) hold with P = AP W (G,X). Let <f> G BUC W (G,X), G 
AP W (G,X) and B<j) = A o + ^. If B 1 (cr(^)) is residual, then <f> G AP W (G,X) provided 
one of the following conditions is satisfied. 

(a) w is bounded and cq (£ X; 

(b) 7 "V e E W (G,X) for all 7 G 6 B \a(A)). 

(c) iw is bounded and 4>(G) is relatively weakly compact. 

Proof. By Theorem 8.3, spjr((f>) C ^ 1 (cr(^4)) which is residual. Cases (a),(c) follow from 
Proposition 8.6, case (b) from Theorem 6.5. □ 

The following lemmas will be used in subsequent sections to verify conditions (8. 7), (8. 8). 
Lemma 8.8. Let G be compactly generated. 

(a) Suppose £ G BUC W (G,X) and C Vi where Vi C V 2 and Vi, V2 are relatively 
compact open subsets of G. Let D be a dense linear subspace of X. Then there exists 
7r n G TP(G,X) with ir n (G) C D, sp u ,(7r n ) C F 2 , sup n II^H^^ < 00 and ir n ->■ £ uniformly 
on compact subsets of G. 

(b) If in addition G = R and £ G C m (R, X), then 7r ra can be chosen with 



sup n 



7T {i) 



< 00 and 7Tn ^ —5- £^ uniformly on compact sets for < j < 



m. 



Proof, (a) Since G is compactly generated we have G = U™ =1 U n where U n C U n+ \ for 
some relatively compact, open, generating subsets U n . By Proposition 2.3 we may assume 
sup teUn w(t) < cvni t g Un w(t). Choose a n G C(G) with a n = 1 on U n , a n = on G\f/ n+ i 
and < a n < 1. Set £ n = a ra £. By Lemma 5.3(a), there exists ip n G TP(G,X) with 

su PteC/ n+1 IIV"n(*) - fn(*)|| < s and su P<eG ll^n(i)|| < h + su PteU n+1 Un(t)\\- Moreover, since 
D is dense in X we may assume that the coefficients of ip n are in D. Take / G L^,(G) with 
/ = 1 on V\ and / = on G\V2- Set 7r n = f * ip n - Now ^/> n — >■ £ uniformly on compact sets 
and (V> n ) is bounded in BUC W {G,X) since su PteG < sup, eC/n+1 < 00. By 

Lemma 8.2 we are finished. 

(b) This follows in the same way using Lemma 5.3(b). □ 

Lemma 8.9. If P G {AP W (G,X), C Wi0 {J,X), G } then (8.8) holds with Y = L(X). 

Proof. If G G L(X) and vr G TP W (G,X) then Govt G TP W (G,X). By continuity, (8.8) holds 
for P = AP W (G,X). The result for C w q(J,X) and G is obvious. □ 



9. Differential equations 

Throughout this section we assume that A satisfies (8.2) and J G {R, R + }. Also, the 
operator B is given by B = Yl^Lo^j {ieY wnere bj £ C. Assume 6 m / so that B has 
order m. Given ip G BUC W (R,X) we investigate the behaviour of solutions <p '■ J — > D(A) 
of the evolution equation 



(9.1) (B<f>)(t) = A<f>(t) + ip{t) for t G R. 
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We seek conditions on X, A and translation invariant closed subspaces F of BU C W (J, X) 
which ensure that if G T then 4>\j G P. We apply Theorem 8.3 with D(B) = 
BUC W (R,X) n C m (R,X), assuming throughout that P satisfies (5.2). 

Let a : R — > R be the natural isomorphism given by a(7 s ) = s where 7 s (i) = e tst for 
s, t G R. As usual, the space of m-times continuously differentiable functions u : J— >X is 
C m (J,X) and the subspace of functions with compact support is C™(J,X). 

To find the characteristic function of B let pb(s) = X^j=o b j(isy where s G R. For 7 G R 
and x £ X we have B{jx) = pb{&{i))ix and so Ob = Pb 

Lemma 9.1. If w has polynomial growth of order N and u G C^ +2 (R,X), then there 
exists h G L^(R,X) such that h = u o a. 

Proof. Let h(t) = ^ u{r)e %tT dT. Integration by parts gives 
(-it) N+2 h(t) = ± f^u^+^i^e^dr and so h G Lj,(R,X). 

By the Fourier inversion Theorem, for an appropriate normalization of Haar measure on R 
we have x* o /i = x* o /i = x* o u o a for each x* G X*. Hence h = uo a. □ 

Lemma 9.2. Let C(J,X) have the topology of uniform convergence on compact sets. 
Set P°0 = and = P(PJ"V) for j > 1. 

(a) The operator P : C(J,X) — > C(J,X) is continuous. 

(b) For <fi G C(J, X) and < j < m we have 

p*p<^) = Ej t b,P k -^(t) + E" =fc+ i M»'- fc >(t) - E -=o M i+ ^(o)|. 

(c) The operator B : C(J,X) C(J,X), with domain D(B) = C m (J,X), is closed. 

Proof, (a) Suppose 4> n G C(J, X) and <p n — > </> uniformly on compact sets. Let ii" be a 
compact subset of J and let K be the convex hull of K U {0}. Set c = max{|t| : t G .fT}. 
Given e > there exists n e such that ||(/> n (s) — (f>{s)\\ < for all s G i^T and n > n e . Hence 
||P0 n (i) -P<j>(t)\\ = ^{<p n {s) - <p{s))ds < e for aUt G if and n > n £ . 

(b) A simple induction argument gives this result. 

(c) Suppose ra G D(B), (j) n — > <p an d B(f) n — > -ip uniformly on compact sets. By (b) 
we have P m Bcj )n = E^P^n - Pn where p n (t) = J2f=o ET=m-j b t 4 +J ~ m) (0)^ 
is a polynomial of degree at most m — 1. By (a) we find p n — > £j=o bjP m ~i(t> — P m ip 
uniformly on compact sets. Hence, p = J27=o b j pm ~ : '</> ~ pm ^ 6 P m ~ l {J,X). So 6 m </> = 
p + P m V - Y,T=o lb i pm ~ j( f> G A). Since 6 m / we have 4> G C^J,^). Taking 
derivatives we get b m (/)' + 6 m _i0 = p' + P ra ~V - £™T 2 b 3 P m ~'J- 1 <p G C^J, X). Proceeding 
inductively we find (/> G -D(P) and B(p = p^ + ip = ip. This proves that B is closed. □ 

Lemma 9.3. Conditions (8.2)-(8.7) all hold. If T G {AP W (R, X), C W)0 (J,X), Or} and 

Y = L(X) then (8.8) holds. If w has polynomial growth, conditions (8. 9), (8. 10) hold. 

Proof. We have assumed (8.2). Now (8. 3), (8. 5), (8.6) are clear, (8.4) follows readily from 
Lemma 9.2(c), and (8.7) follows from Lemma 8.8. If T G {AP W (R, X), C w fi(J, X), Or} and 

Y = L(X), then (8.8) holds by Lemma 8.9. Assume w has polynomial growth. For (8.9) let 

Y be a relatively compact open subset of R with 9b(V) n cr(A) = 0. So V C W where W is 
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also a relatively compact open subset of R with 6B(W)r\o~(A) = 0. Choose v G C^ +2 (C, R) 



such that v = 1 on 9 B (V) and supp(v) C 9 B (W). Setting r(£) = v(()((—A) 1 and u = rop B 
we have u G C^ +2 (H,Y). By Lemma 9.1, there exists h G L^(R,Y) such that h = u o a 
and so hfj) = (Mt) - ^l)" 1 for 7 G V, proving (8.9). To prove (8.10) let (j) G D{B) with 
sp w {4>) compact and <fi\j G F. By Proposition 8. 1(a), (b), G BUC W (R, X) for all j > 



Theorem 9.4. Suppose u> has polynomial growth, <f>, ip G BUC W {R, X), condition (8.8) 
holds and £0 = ,4 o + ^. If VI J G ^ , then 6» B (spjr(^)) C <j(A) flp B (R). 



Corollary 9.5. Assume w has polynomial growth, <fi G BUC W (H.,X), ip G Af\u(R, X) 
and 50 = A o (p -\- ip. Let 5 have positive order and o~(A) n p#(R) be residual. Then 
G AP W (R, X) provided one of the following conditions is satisfied. 

(a) w is bounded and c$ X; 

(b) 7 ~V G £ W (R, A) for all 7 G ^(^(A)); 

(c) w is bounded and </>(R) is relatively weakly compact. 

Proof. Let J 7 = AP TO (R, X) and Y = L(X). Since a (A) np B (R) is residual and p B is a 
non-constant polynomial, 6 B 1 (a(A)) is residual. By Lemma 9.3, the result follows from 
Corollary 8.7. □ 

Example 9.7. 

(a) If Bcj) = cj>' then ps(R) = iR and Corollary 9.5, with w = 1, appears in [6] (see also 
[11, Theorem 3.3]). 

(b) If = 0" then ps(R) = (— 00, 0] and Corollary 9.5, w = 1, appears in [5]. 

(c) If B4> = 4>' + (p" then p B (R) is the parabola i?e(z) + Im(zf = 0. 

The following result was proved by Arendt and Batty [5] for the cases B<\> = <fi', eft" under 
the additional assumptions that w = 1 and a (A) (1 p B (R) consists only of poles of the 
resolvent operator of A. 

Corollary 9.7. Assume w has polynomial growth. Let o~(A) f]p B (R) be discrete and 
assume p B is not constant. If 4> G BUC W (R, X) satisfies Bcj) = A o <\> then (p G AP W (R, X). 

Proof. Apply Theorem 9.4 with T = Or to get sp w (4>) = spjr{<j)) C 0g 1 (cr( J 4) np B (R)). So 
sp w {4>) is discrete and by Corollary 8.7 with T = AP(R, X) we have spjr(4 l ) C sp(cj))' = 0. 
By Proposition 6.3 (a)(v), ^ G J 7 . □ 

10. Convolution equations 

Throughout this section we assume A satisfies (8.2), G G {R d ,Z d } and the operator 
5 : BUC W (G,X) -»• BUC W (G,X) is given by = k * 4> where fc G Lj,(G). Given ^ G 
BUC W (G, X) we investigate the behaviour of solutions : G — >■ -D(-A) of the convolution 
equation 




□ 



Proof. By Lemma 9.3, the result follows from Theorem 8.3. 



□ 
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(10.1) (k * <f>)(t) = A</>(t) + ip{t) for t G G. 

We seek conditions on X, A and translation invariant closed subspaces J- of BUC W (G, X) 
which ensure that if if) G J- then <p G T . We apply Theorem 8.3, assuming throughout that 
J- satisfies (5.2). Since B'j = k * 7 = ^(7)7 for each 7 G G, the characteristic function of B 
is 9b = k. 

Let q : R d — )• R rf be the isomorphism given by a(7 s ) = s where 7 s (i) = e^ s '*^ for 
s,f 6 R d and = Sj=i s iA?i an d a : Z d — >• T d be the isomorphism given by 0(7^) = £ 
where 7 C (n) = C n = Wj=i ? for C e T d and n G Z d . 

A simple modification of the proof of Lemma 9.1 yields 

Lemma 10.1. If w has polynomial growth of order N and u G C^ +d+1 (a(G) ,X) , then 
there exists h G L^(G,X) such that h = uo a. 

Lemma 10.2. Conditions (8.2)-(8.6),(8.10) all hold. If T G {AP W (R,X), C Wj0 (J,X), 
Or} and Y = L(X), then (8.8) holds. If w has polynomial growth, condition (8.9) holds. 

Proof. We have assumed (8.2). Now (8. 3), (8. 5), (8. 6) are clear, (8.4) follows from Lemma 
8.2, (8.7) from Lemma 8.8 and (8.10) from (5.2). If T G {AP W (R,X), C wfi (J,X), R } 
and Y = L(X), then (8.8) holds by Lemma 8.9. If w has polynomial growth, (8.9) follows 
readily from Lemma 10.1. □ 

Theorem 10.3. Suppose w has polynomial growth, 0, ip G BUC W (G, X), condition (8.7) 
holds and k * (f> = Ao (ft + ■0. If g T , then k(spjr((f>)) C <r(A). 

Proof. Using Lemma 10.2 the result follows from Theorem 8.3. □ 

Corollary 10.4. Suppose w has polynomial growth, 4> G BUC W (G,X), ip G AP W (G,X) 
and fe*0 = 74o(/) + ^. Assume (fe) _1 (a"(^4)) is residual. Then (f> G AP W (G, X) provided one 
of the following conditions is satisfied. 

(a) w is bounded and cq <f_ X; 

(b) 7 ~V G E W (G,X) for all 7 G (fc)" 1 ^)); 

(c) u; is bounded and 0(G) is relatively weakly compact. 

Proof. The proof is identical to that of Corollary 9.5 with R replaced by G and Lemma 9.3 
by Lemma 10.2. □ 



11. Co-Semigroups 

In [50] , Phong studied Co-semigroups {T(t) : t G R+} of operators such that ||T(t)|| is 
dominated by a (weight) function a(t) whose reduced (weight) function 
ai(s) = limsup^^ 

has non-quasianalytic growth. He thereby extended earlier results of Allan and Ransford 
[2], Arendt and Batty 0] > Katznelson and Tzafriri |40] and Phong [39]. In this section, as 
corollaries of our main theorems, we obtain results analogous to those in [49J,[50J. We use 
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dominating functions u(t) which appear to be neither more nor less general than those of 
Phong. 

Throughout we assume that A is the generator of a Co-semigroup {T(t) : t G R+} 
of operators T(t) G L(X). Moreover we assume ||T(i)|| < u(t) for all t G R+, where 
u(t) = v(t)w(t) for some weight w of polynomial growth TV, satisfying therefore (1.1) - 
(1.3), (2.1) - (2.5); and i> : R — >■ [l,oo) satisfies (1.1), (2.2), (2.3) and 

(11.1) v is differentiable on R + and ^ G Co(R+,R). 

An example of such a function is given by v(t) = cexp(l + \t\) p , where c > \ and 
< p < 1. This function also satisfies the following condition which we will occasionally 
need. 

(11.2) v is constant or ^ G C W) o(R+,R). 

We will consider equations of the form <fi'(t) = A<p(t) + ip(t) for t G R+, where ^ G 
BUC W (R+,X) and % G C W:0 (R+,X). Making the substitution 

(11.3) fc = Jand* = J- f J 

we find 0i(t) = A0i(t) + ^i(i) where fa G 5[/C w (R + ,X) and ^ G C wfi (R + ,X). The 
study of the asymptotic behaviour of <f> is reduced to that of <p\. For J G {R + ,R}, let 
L l u (J) = {/ G LJ,(R) : / = on R \ J and «/ G L^(R)}. If / G L^(J), the integral 
/(T) = JjT(s)f(s)ds exists as a strongly convergent Bochner integral. As before, let 
a : R — > R be the natural isomorphism given by a(j s ) = s where J s (t) = e lst . 

With different restrictions on the dominating function u, and with the additional condi- 
tion that / is of w-spectral synthesis with respect to a~ 1 (ia(A) n R), the following is [50, 
Theorem 8] . 

Theorem 11.1. Let / G L^(R+). If / = on A = a~ 1 {ia{A) n R) and supp / n A is 
residual then lim^oo ^— ^ff-^ = 0. 

Proof. Take T = C Wi0 (R+,X). Given x G X set f(t) = T(t)f(T)x and ft = For the 
moment suppose x G D(yl 2 ). Then, for t > define 0(i) = T(t)x and ^>(t) = 0. Making the 
substitution (11.3) on R + we find ^ = ^(T(h) - I)x - ffiff «<ffl A ff > . Since „ 
is -u-uniformly continuous, it follows that </>i is u>-uniformly continuous and hence from (2.7) 
that (f>i G i?C/C w (R + , X). Extend </>i,V>i to Rby defining, for t < 0, </>i(i) = xcosi+Acsini 
and -01 (i) = ^i(0)-(x+A 2 x) sint. So <pi G 5[/C w (R,X), Vi|r+ G J 7 and ^ = io^+^i on 
R. By Lemma 9.3 and Theorem 9.4, ia{sp jr^)) C a(^) n iR = ic^A" 1 ). If #(i) = f(-t), 
then g = on A -1 . Also, £(t) = f£°T(t + s)f(s)xds and so ft = ft|R + + ft where 
ft = <t>i *g and ft = / °° (<f> 1 ) 9 \ n+ *ff( s )ds. Hence spjp(ft) C A^n supp(£). By Corollary 
6.12, 7 _1 ft G £7°(R, X) for all 7 G A -1 . From the assumptions it follows A _1 n supp(g) is 
residual. Since J 7 is a A^-class, Theorem 6.5 shows that ft|R + G F. Note also that, by (2.8), 
the functions s 1 — > (cf> 1 ) s | R+ : R+ -)• BUC W (R + , X) and s 1 — > ^f - : R+ -)• C (R+, R) are 
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continuous. Hence the integrand for £3 is an almost separably-valued, absolutely integrable 
function from R + to F. So £3 G F. Hence £1 G F . But, D(A 2 ) is dense in X and so £1 G F 

Tit ) T(T) 

for all x G X. Therefore we have established the strong convergence of - ' to 0. Now 
the argument of Phong [ 49, p. 237] gives convergence in the operator norm. □ 



The following lemma indicates some situations in which functions are necessarily w- 
ergodic. In the theorem, A' denotes the conjugate of A and Pa(A') its point spectrum. 

Lemma 11.2. (a) If f , £ € BUC W {J,X), then £ G E°,(J,X). 

(b) If 7 S G R and x G range(^ - is), then l^lLh G E°(J, X). 

(c) If (11.2) holds, 7 S G R and x G ker(,4 - is), then l^LLh G E W (J,X). If also siorio 
is unbounded, then 22_Z0l£ g E°(J,X). 

Proo/. (a) Since (£)' = £ - ^ G BUC W (J,X), it follows from Proposition 6.1 (c) that 
(J)' G £°(J,X). But g£ G C wfl {J,X) C £°(J, X), so ^ G E%(J,X). 

(b) If a; = (A — zs)y for some y G -D(>1), then 7,T 1 T(.)x = ('y~ 1 T(.)y)' . Hence 
^,^eMC ffi (J,I). 

By (a) ,^ = (^LM Gi ,o (J)X) . 

(c) If x G ker(A - is), then (77 1 (t)T(t)x)' = 7s~ 1 (*) T (*)0 1 - ™)x = 0. So 7s _1 T(-)^ is 
constant and by (11.2), 7s ~ T v { - )x G E W (J,X). If also v or w is unbounded, then 7s G 
C (J,X).So^^eE° w (J,X). □ 

Part (a) of the following theorem, with different dominating functions u, is [50, Theorem 
7] • 

Theorem 11.3. If o~{A) n iR is countable, then lim^oo = for each x G X 

provided one of the following conditions is satisfied. 

(a) Pa(A') n iK = 0; 

(b) range(A — is) is dense in X for each s G R; 

(c) either v or 10 is unbounded, (11.2) holds and ker(^4 — is)+ range(A — is) is dense 
in X for each s G R. 

Proof. It is clear that (a) and (b) are equivalent. Let F = C w q(J, X), a A 1 ^ -class. Given x G 
X define 0i, "01 as in the proof of Theorem 11.1. As there, ia(spjr((fti)) Q o~(A)PiiH. Recall 
that E^(R + ,X) is closed in BC W (R + ,X). Hence, by Lemma 11.2, 7~Vi|r+ = 2 — G 
£^(R + , X) for all 7 G R. By Theorem 6.5, </>i|r + G F. This means limt_ > . 00 ^jjj^p =0. □ 

As a final application in this section we prove the following theorem. Parts (a) and (c) 
are due to Lyubich, Matsaev and Fel'dman [35]. 

Theorem 11.4. Assume the Co-group {T(t) : t G R}, with generator A, is dominated 
by a weight w with polynomial growth of order N . Let / G L^(R). 

(a) a ( A) n iR is non-empty. 

(b) If a(A) n iR = {is}, then (4 - is) N+1 = 0. 

(c) If / = on a~ 1 {ia{A)) and a~ 1 (ia(A))n supp / is residual, then f(T) = 0. 
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(d) If / is u>-spectral synthesis with respect to A = a 1 {ia(A) n R), then f(T) = 0. 

(e) If a(A)n -ia(suppf) = {is}, then (T(t) - 7s (t)) Ar+1 /(T) = and 

{A - is) N+1 f(T) = 0. 

Proof. Take T = Or and set g(t) = /(— i). Given x £ X set 0(t) = T{t)x and £(t) = 
T(t)f(T)x = 4> * 9(t)- If x G -D(-A), then (j)' = A o on R. By Lemma 9.3 and Theorem 
9.4, ia{sp w {4>)) C cr(^4) D iR. If x / then 0/0 and so sp w ((f>) / 0, proving (a). 
If <r(i4) n iR= {is}, then 8^(0) = {7J. By Theorem 6.6, 77V G P JV (R,X) and so 
(7 S "V) (JV+1) (*) = r(t)(.4 - is) Ar+1 x = for all x G Z)(A JV+1 ). Hence (b) follows. Next, 
spw{0 C a _1 (— icr(^4))n supp(^). The assumptions imply sp^,^) is residual. As g = on 
a- l {-ia{A)), it follows from Corollary 6.12 that 7-^ G £° (R, X) for all 7 G a _1 (-i(7(i4)). 
By Theorem 6.5, £ G J 7 for all x G -D(A) and therefore f(T) = 0, proving (c). Now let 
A = a~ 1 {ia{A) n R) and choose (/„) C L^(R, C), supp / n n A = for all n G N and 
Wfn - fWhl -> as n -> 00. Then by (c), it follows %(T) = for all n G N. This 
implies /(T) = 0, proving (d). Finally, if a~ 1 (—ia(A))n supp(g) = {-y s } then sp w (£) = 
{ 7s }. By Theorem 6.6, 7-^ G P N (R,X). So Af +1 (7~ 1 £) = for all t G R and hence 
(T(t) - 7s (i)) Ar + 1 /(T)x = 0. Also, ( 7s " 1 £) (Ar+1) (i) = 7s - 1 (i)^(t)(A - is^/CT)* = for 
all t G R and x G D(A N+1 ). So (A - is) N+1 f(T) = 0. □ 



12. Recurrence equations 

Throughout this section we assume that A satisfies (8.2) and J G {Z,Z + }. Also, the 
operator B : BUC W (Z,X) -»• BUC W (Z,X) is given by (B0)(n) = EJlo 6 j<X n + n i) for 
some 6j G C, G Z. Given ^ G BUC W (Z,X) we investigate the behaviour of solutions 
4> : Z — > D(A) of the recurrence equation 

(12.1) (B<j>)(t) = A(f>(t) + i/j{t) for t G Z. 

We seek conditions on X, A and translation invariant closed subspaces T of BU C W (J, X) 
which ensure that if ip\j G T then <f>\j G J 7 . We apply Theorem 8.3, assuming throughout 
that T satisfies (5.2). 

Let T denote the circle group and a : Z — > T the isomorphism given by a(j{) = C where 
7((n) = (" for n £ Z, ( G T. The space of m-times continuously differentiable functions 
u : T — >A is C m (T,A). 

To find the characteristic function of B let pb(() = Sj=ofyC nj wnere C £ C. For 7 G Z 
and x G X we have B(^x) = Pb{ol{i))ix and so Ob = Pb ol. 

A simple modification of the proof of Lemma 9.1 yields 

Lemma 12.1. If w has polynomial growth N and u G C N+2 (T,X), then there exists 
h G L^,(Z,A) such that h = u o a. 

Lemma 12.2. Conditions (8.2)-(8.7), (8.10) all hold. If T G {AP W (Z, X), C wfi {J, X), 
0z} and Y = L(X), then (8.8) holds. If w has polynomial growth, condition (8.9) holds. 
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Proof. We have assumed (8.2). Now (8.3)-(8.6) are clear and (8.7) follows from Lemma 8.8. 
If T G {AP w (Z,X),C wfi (J,X), Z } and Y = L(X), then (8.8) holds by Lemma 8.9. Let 
w have polynomial growth. To prove (8.9) let V be a relatively compact open subset of 
Z with 9 B (V) n a(A) = 0. So V C W where W is also a relatively compact open subset 
of Z with 9 B (W) n a(A) = 0. Choose u G C^+^C) such that v = 1 on B (V) and 
supp(w) C B (W). Setting r(() = u(C)(C - and 

u = r o p B we have u G C Ar+2 (T,y). 
By Lemma 12.1, there exists /i G L^(Z,Y) such that h = uoa and so ^(7) = (6 B {l) — A)^ 1 
for 7 G V, proving (8.9). □ 

Theorem 12.3. Suppose w; has polynomial growth, (f>, ip G BUC W (Z, X), condition (8.8) 
holds and = Ao^ + ^). If if,\j g J 7 , then 6 B {spj:{(j))) C <j(A) D Pb(T). 

Proof. Using Lemma 12.2 the result follows from Theorem 8.3. □ 

Corollary 12.4. Suppose w has polynomial growth, (f),ip G BUC W (Z,X), X is a unital 
Banach algebra, T is closed under multiplication by elements of X and B<f> = xcj) + if). If 
ip\j G J 7 , then 6 B (spjr((f>)) C <j(x) n p B (T). 

Proof. For y G X, define L y : X — > X by L^z = yz. Apply Theorem 12.3 with J = Z, 
^4 = L;,, and Y = {L y : y G X}. Since (8.8) is clear and a (A) = cr(x), we are finished. □ 

We readily obtain the following two results. For the case w = a = 1, the first was proved 
by Gelfand and the second by Katznelson and Tzafriri (see [40] and the references therein, 
and [16] ). Corollary 12.5 is due to Hille [35, Theorem 4.10.1] and Corollary 12.7 to Allan 
and Ransford [2]. However, our proof is new. Here X is a Banach algebra with unit e. We 
shall say that an element x G X is power dominated by w if {^^y : n G Z + } is bounded, 
and doubly power dominated by w if {^^y : n G Z} is bounded. Let L^(Z + ) = {/ G 
L^(Z) : f(n) = for n < 0}. If x is power dominated by w and / G L^(Z + ) we define 

Corollary 12.5. Assume w has polynomial growth of order N. If an element x G X is 
doubly power dominated by w and a(x) = {1}, then (x — e) N+1 = 0. 

Proof. Apply Corollary 12.4 with J = Z, T = {0}, B(f> = <f>\ and <f>(n) = x n . We con- 
clude that a(spj:{4>)) C cr(x) n T = {1}. By Proposition 6.3 (a)(vi), (x - e) N+1 = 
Ef=V (T) (" 1 )^ 7V+1 - j = Af + V(0) =0. □ 

Corollary 12.6. Assume a : Z + — > (0, 00], lim^oo a ^^ 1 - > = 1 and the element x G X is 
power dominated by a. 



(a) If a(x) n T = 


0, then 


x n 
a(n) 


— > as n — > 00. 


(b) If a(x) n T = 


{1}, then 




a(n) 


— > as n — >■ 00 



Proof. Apply Theorem 12.3 with J = Z + , = 1, T = Cq(J,X), B<f> = (f>\ and <\> , ^ as 
follows. Set 

*(n) = ^, ^(n) = ^(1 - 2^1), n > 0, 
<M n ) = ib' = n < °- 
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So a{spjr{4>)) C a(x) n T. If cr(x) n T = 0, then by Proposition 6.3 (a) (v), 4>\j G T. If 
cj(x) n T = {1}, then by Proposition 6.3 (a)(vi), Ai0 G C (J,X). □ 

Corollary 12.7. Assume iu has polynomial growth, <f> G BUC W (Z,X), tp G AP W (Z,.X") 
and 50 = j4 o ^ + ^i. Assume is not constant and <r(.A) n p#(Z) is residual. Then 
(j) G AP W (Z, X) provided one of the following conditions is satisfied. 

(a) w is bounded and cq X; 

(b) 7 ~V G ^(Z,X) for all 7 G ^'(ct^)); 

(c) w is bounded and 0(Z) is relatively weakly compact. 

Proof. Let T = AP W (Z, X) and Y = L(X). Since o~(A) nps(Z) is residual and pb is a 
non-constant polynomial, 8' B l {a{A)) is residual. By Lemma 12.2, the result follows from 
Corollary 8.8. □ 
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